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Abstract. This work is an introduction to the local geometric theory of 
Veronese webs developed in the last twenty years. Among the different possible 
approach, here one has chosen the point of view of differential forms. Moreover, 
in order to make its reading easier, this text is self-contained in which directly 
regards Veronese webs. 

Introduction. 

The aim of this work is to provide an introduction to the local theory of 
Veronese webs from the geometric viewpoint. Although the classical theory is 
only developed on real manifolds there is no difficulty for extending it to complex 
ones as well, so both case will be considered here. In our approach differential 
forms play a crucial role, which will allow us to benefit from the advantages of 
Cartan exterior differential calculus. 

The notion of Veronese web, due to Gelfand and Zakharevich for the case 
of codimension one [3l |4l [5] and some years later extended to any codimension 
by Panasyuk and Turiel [5], [T7] (see [TH] as well), is a tool for the study of 
generic bihamiltonian structures in odd dimension and more generally of Kro- 
necker bihamiltonian structures. As it is well known bihamiltonian structures, 
introduced by Magri in ffil, are related to some differential equations many of 
them with a physical meaning. Therefore it seems interesting to describe this 
geometrical objects. 

With respect to the local aspect of this subject here, among other results, 
one shows that: 

1) giving a generic bihamiltonian structure in odd dimension is like giving a 
codimension one Veronese web (theorem 3.2), 

2) in the analytic category Kronecker bihamiltonian structures and Veronese 
webs are locally equivalent (theorem 3.2 again; to point out that in codimension 



one we may utilize the theorem on symmetric hyperbohc systems, therefore on 
real manifold the C°° class is enough, while in codimension two or more the 
Cauchy-Kowalewsky theorem and the analyticity are needed). 

Moreover a completely classification of 1-codimensional Veronese webs is 
exhibited (theorem 6.1). In higher codimension no local classification is known 
but, in the analytic category, one gives a versal model for Veronese webs. 

On the other hand a link between classical 3-webs and Veronese webs is 
established in the example at the end of section 2 (see [I] by Bouetou-Dufour 
too). 

For the global aspect of the question, still widely open, the reader may 
consult the papers by Rigal [11] [121 [E] ■ 

The present text consists of six sections and, in order to make its reading 
easier, it is largely self-contained in which directly regards Veronese webs. The 
first paragraph is devoted to the algebraic theory including the classification of 
pairs of bivectors (proposition 1.4). In the second one the notion of Veronese 
web, illustrated with different examples, and its main properties are discussed. 

In the third section one associates a Veronese web to every Kronecker bi- 
hamiltonian structure and conversely; moreover the local equivalence between 
Kronecker bihamiltonian structures and Veronese webs is established. The 
fourth and fifth paragraphs, rather technical, are aimed to solve some exte- 
rior differential systems needed elsewhere. Finally the sixth section contains 
the local classification of 1-codimensional Veronese webs and the versal models 
for higher codimension. 

1. Algebraic theory 

The first part of this section is devoted to the study of the algebraic prop- 
erties of Veronese webs; in particular one gives a method for constructing any 
Veronese web by means of an endomorphism of the support vector space. The 
second part contains the classification of pairs of bivectors. 

All vector spaces considered here are real or complex. 

1.1. Algebraic Veronese vi^ebs. 

Given an endomorphism J and a subset ^ of a vector space V ^ the vector 
subspace spanned by (A, J) will mean that one spanned by AU J(A)U J^(A)U.... 
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When A itself is a vector subspace and {A, J) spans V we will say that the couple 
{A, J) is admissible. 

Lemma 1.1. // (VF, J) is admissible and 1 < dimV < oo then there exist 
H S End(V) and a basis {ei, ...,£,.} of W such that: 

(a) H is nilpotent and Im{H — J) C W . 

(b) V = ©^=1 Uj where each Uj is the vector subspace spanned by {ej,H). 

(c) The number of vector subspaces Uj of dimension > I equals dim{W + JW + 
... + J^-^W) ~ dim{W + JW + ... + J^-^W) if£>2andrife=l. 

Therefore the family of natural numbers {dimUj}, j = 1, r, only depends, 
up to permutation, on J and W. 

Proof. First remark that W + JW + ... + J'^W = W + JW + ... + PW 
when J = J + G and ImG C W. Therefore it is enough to prove lemma 1.1 for 
some J; moreover (c) directly follows from (a) and (b) because if is a particular 



We will prove (a) and (b) by induction on r = dimW. Let i be the first 



exists eeW-{0} such that J^e belongs to W + JW + ... + J^-'^W; that is to 
say = vo + ... + V(-i where each Vk € J''W: 



Then {J + GY = J^ + J^-'^oG+ A wheve Im A c W + JW+... + J^-^W. Hence 
(J + GYe = ve-i + aj{e)J^-^dj + v' where v' belongs to W + JW+ ... + 
J^-'^W, which allows us to choose ai..., in such a way that (J + (5)^e = v'. 
So by considering J + G instead of J and calling it J, we can suppose that J^e 
belongs to W + JW + ... + J^-^W. 

Starting the process again with another G = Y^^j=i ® where this time 
ai{W) = ... = ar{W) = 0, one has (J + G)^e = t;^-2 + Ej=i aj{Je)J'-'^dj+v" 
with v" e {W + JW + ... + J^~^W) and we may suppose that J^e belongs 
to + JW + ... + J^-^W. Then we choose ai,...,ar such that aj{W) = 
aj{JW) = 0, j = 1, r, and so one. In short we can assume J^e = without 
loss of generality. 

Let U denote the vector subspace spanned by (e, J). By the choice of e the 
set {e, Je, J^~^e} is a basis of U and dim{W (lU) = 1. Let tt : F — >^ ^ be the 



case of J. 




Then there 



Given a basis {di, dr} of set G = dj (8) ctj with ai, € V*. 
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canonical projection and J the endomorphism of ^ induced by J. By the induc- 
tion hypothesis, apphed to ^, ^ and J, there exist vectors ei, e^-i G W and 
an endomorphism G = J^jZi ^(^j) Pj of ^ such that {7r(ei), 7r(er-i)} and 
H = J + G are as in lemma 1.1. Let ij, j = 1, ...r — 1, be the dimension of the 
vector subspace spanned by (7r(ej), H). Since J+G where G = J2^jZi ^j®{P3°'^) 
projects into H and G{U) = 0, by calling J to J + (5, one may directly assume 
H = J. Thus each J^-'7r(ej) = whence J^^ej = ^^=0 ^kj 

Now suppose (.j < I for some j. Let m be the biggest k > £j, if any, such 
that akj ^ 0. Then J^e belongs toW + JW + ... + J"'-'^W, which contradicts 
the definition of of £; so akj = when k > ij. But in this case J^^ (cj — ae^je) 
belongs to + JW + ... + J^i~^W which again contradicts the definition of 
£ because {ei, ...,er-i,e} is a basis of W and ej — a^jje ^ 0. In short £ < £j, 
j = l,...,r- 1. 

Let Vj, j = l,...,r — 1, the vector subspace spanned by {ej, ...,J^^~^ej}. 
As IT : Vj ^ Uj is an isomorphism, {ej, J^^~^ej} is a basis of Vj and V = 
VI e ... e V;_^ ®U. Set G = e O a with a{U) = 0. Then (J + GY^ej = 
Y^k^oiakj + a{J^i~^~^ej))J^e, which allows us to choose a in such a way that 
(J + GY'ej = 0. For finishing it suffices considering the basis {ei, e^-i, e} of 
W and the endomorphism H = J + G. □ 

Lemma 1.2. If[W,J) is admissible, dimV = n > 1 and {wi, ...,Wr} is a 
basis of W then: 

(a) The curve -f{t) = ip{t){{J + tiy^wi) A ... A (( J + tiy^Wr) in A'"V, where 
Lp(t) is the cha,racteristic polynomial of — J , is polynomial of degree n — r. 

More precisely there exists a basis {e^}, i — \,...,nj and j — \,...,r, of 
V such that ^f{t) = 71 (t) A ... A 7r(i) where every ^j{t) = ^^""'^6^ and 

e„ii A ... A e„^i — wi A ... A Wr. 

(b) Let {W^ J) be a second admissible couple. If Im{J ^ J) C W then"f(t) = "f{t) 
where jit) — ip{t){{J+tI)~^wi)A...A{{J+tI)~^Wr) and ip{t) is the characteristic 
polynomial of — J. 

Proof. Consider H e End{V) and a basis {ei, ...,6^} of W like in lemma 
1.1. Set rij = dimUj were Uj is the vector subspace spanned by {ej,H). By 
multiplying ei by a suitable scalar one can suppose that wiA...A'Wr = e\A...Aer, 
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so ((J + t/)-^ei) A ... A ((J + tiy^Cr) = ((J + tiy^wi) A ... A ((J + tiy'^Wr), 
which allows us to work with ei, e^- instead of wi, w^- 

Note that {e^ = (— l)"^~'fl'"j~*ej}, i = l,...,nj, j = l,...,r, is a basis 
of V. Set p{t) = + tiy^ei) A ... A ((if + tiy^er). As r^' (iJ + tiy^ = 

Erii(-1)"'~'*'~^^"'~' on ^J' tlien p(t) = pi(t) A... Apr(i) where every pj{t) = 

Let us see that 'y{t) = p{t). Since Im{J — H) c W one has ((J + 1/) A 
... A ( J + tl))p{t) = il>{t)ei A ... A e^. while the action oi J + tl on X = en A 
... A e„i_i,i A ... A eir A ... A e„^_i,r equals f"~''A + X^^^i A pj where each 
Pj G A"~'"~^y. The n-vector p(t) A A = t'^~^ei A ... A A A is transformed in 
det{J + tl)t'"~'^ei A ... ACr A X by J + tl. But calculating its action on p(t) and A 
separately shows that p{t) A A is transformed in ^(f)f"~'"ei A ... A e^. A A as well; 
whence = det{J + tl), which is the characteristic polynomial of — J. Thus 
((J + tl) A ... A ( J + tl))p{t) = ip{t)ei A ... Aer = ((J + tl) A ... A {J + tl))j{t) 
and p{t) = 7(t). 

A similar argument shows that 'y{t) = p{t). □ 

A polynomial curve 7 in A^V, r > 1, is named a Veronese curve if there exists 
a basis {cij}, i = 1, ...,nj, j = 1, r, of V such that ^{t) = 71 (t) A ... A 7r(t) 
where each 7j(t) = J27=i^^~^^ir When r = 1 one obtains the classical notion 
of Veronese curve. 

lit) 

For convenience one will set ^(00) = lim , when t ^ 00. 

Lemma 1.2 provides us a method for constructing Veronese curve for which 
7(00) = w\ A ... A Wr. Conversely given a Veronese curve 7 in l^V and a 
basis like in the definition, let H and W be the nilpotent endomorphism of V 
defined by -ffejj = — ej_i,j, i > 2, Iie\j = 0, and the vector subspace of basis 
{wi = enii,...,Wr = en^r} respectively. Then {W,H) is admissible, ni,...,nr 
are the natural numbers associated to {W,H) by lemma 1.1, and {wi, ...,Wr}, 
H give rise to 7. Thus any Veronese curve can be constructed through lemma 
1.2. 

Every 7(f) e A''^ is decomposable and defines a r-dimensional vector sub- 
space of V. The union of all these vector subspaces spans V since each 7^ (K) 
spans the vector subspace of basis {e^ }, i = 1, rij. Now assume that j{t) — 
(p{t){{J+tI)-'^Wi)A...A{{J+tI)-'^Wr) = <p{t){{J+tI)-'^Wi)A...A{{J+tI)-'^Wr); 
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then 7(00) = Wi A ... AWr = Wi A ... A Wr- 

On the other hand the action of J — J = {J + tl) — {J + tl) on 7(f) equals 
{(p{t) — (fi{t))wi A ... A Wr', so J — J maps the vector subspace defined by 7(4) 
into W. Hence 7m( J -J)cW. 

Obviously if Wi A... A = WiA...AWr and/m(J— J) C W thenwi A... A Wr, 
J and wi A ... AWr, J define the same Veronese curve. 

Two admissible couples (W, J) and {W, J) are named equivalent ifW = W 
and Im{J — J) C W. Clearly the family of natural numbers given by lemma 
1.1 is the same for equivalent couples. From all that said previously follows: 

Proposition 1.1. (a) Giving a Veronese curve in A^V, r > 1, is like 
giving a class of equivalent admissible couples (W, J), where dimW = r, and an 
element wi A ... Awr € A^W - {0}, by setting ^{t) = (p{t){{J + tl)~'^wi) A ... A 
{{J + tI)^^Wr), where (p{t) is the characteristic polynomial of —J. 

(b) Consider a Veronese curve ^{t) =■ ji{t)A...A^r{t) in A'''V and a basis {cij}, 
i = l,...,nj, j = l,...,r, ofV such that^j{t) = Y^^i=i^^^^^ij ' •? = Then, 
up to perm,utation, the family of natural numhers {ni, ...,nr} only depends on 7 
and corresponds to the family {dimUj}, j = 1, ...,r, given by lemma 1.1 applied 
to (VK, J). 

(c) Two Veronese curves in A^V are isomorphic (through an isomorphism of 
V) if and only if they have the same family of natural numbers {ni, ...,nr} up 
to permutation. 

Remark. Any vector subspace of A^V containing a Veronese curve 7 is at 
least of dimension n — r+1 since 7(0),7^^)(0), ...,7("~''^(0) are linearly indepen- 
dent. Indeed if ni = ... = = 1 it is obvious; otherwise assume, for example, 
ni > 2 and consider a linear combination Y^^Zo = 0- 

Let 7 denote the projection of 7 into A'^V where V is the quotient of V by 
the line spanned by e^^i. Then 7 is a Veronese curve in A^V of degree n — r — 
1. As 7(0),7(i)(0),...,7("-'')(0) are the projections of 7(0),7W(0),...,7("-'')(0) 
and 7^"~''^(0) = 0, the induction hypothesis implies that ao = ... = a„_r-i = 0. 
So a„_r7^"~''^(0) = whence a„_r = 0. 

Now we will introduce the notion of Veronese web on a n-dimensional vector 
space V with n > 1. A family w = {w{t) \ t £K} of {n — r)-planes is called a 
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Veronese web of codimension r if there exists a Veronese curve 7 in K^V* such 
that w{t) = Ker^{t), f e K. The curve 7 will be named a representative ofw. 

If 7 is another representative of w then 7(f) = f{t)^{t) for any f e K. As 7 
and 7 are polynomial curves of degree n — r and never lie into a (n — r — l)-plane 
of h.^V*, f is constant and j{t) = a^{t), a € K — {0}. This allows us to define 
w{oo) = Ker'){oo), which does not depend on the representative. Moreover if 
{/Sy}, i = 1, rij, j = 1, ...,r, is a basis of V* such that ^{t) = 7i(t) A... A7r(t) 
where each 7j(f) = t^~^Pij, then w(cx)) = ii'er(/3„ii A ... A Pnrr)- 

In view of lemma 1.2 and proposition 1.1 one has: 

Proposition 1.2. Consider on a n- dimensional vector space V and a nat- 
ural number 1 < r < n. 

(a) Given a r-codimensional vector subspace W and an endomorphism J both 
two of V , if {W , J*) spans V* where W' is the annihilator of W in V* then 
j(t) = ip{t){{J + tl)^^)* P, where ip is the characteristic polynomial of —J and 
(3 a r-form such that KerP = W , represents a Veronese web w of codimension 
r. 

Moreover limt^oot^~^l{'t) = w{oo) = W and {J + tT)w{oo) = w{t) for 
any i G K. 

(b) Any Veronese web on V of codimension r may be represented in this way. 

(c) Assume that 7(t) = v{t){{J + tiy^)*P and j{t) = (p{t){{J + tiy^)*f3 
represent two Veronese webs w and w respectively. Then w = w if and only if 
P = aP, a eK - {()}, and Ker{J - J) 3 w{oo) = w{oo). 

In this last case "f = J if and only if (3 = /3. 

(d) Up to permutation the family of natural numbers {ni, n,-}, associated to 
a splitting of a representative of a Veronese web w, only depends on w. This 
family characterizes the Veronese web up to isomorphism. 

By definition ni, will be called the the characteristic numbers of w and 
their maximum the height of w. 

Remark. Often hereafter we will write X{G, G) or A o G instead of G*X 
when G is a morphism and A a form. 

On the other hand, note that {W, J*) spans V* if and only if W does not 
contain any non-zero J-invariant vector subspace. 
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By (c) of proposition 1.2 the restriction of J to iu{(X)) gives rise to a morphism 
£ : w{oo) — >■ V with no ^-invariant vector subspace different from zero (this 
notion is meaningful since : w{oo) C V) and which only depends on the Veronese 
web w. Moreover {£ + tI)w{oo) = w{t), t gK, that is to say £*a = — tQ!|j(,(oo) 
for any a G V* such that a{w{t)) = and any t £ K. This last property 
characterizes £ completely because the union of the annihilators of w{t), t G K, 
spans V*. 

Conversely given a morphism £ : W ^ V whose only ^-invariant vector 
subspace is zero, we may construct a Veronese web by considering an endomor- 
phism J oiV such that J\w = ^ and applying (a) of proposition 1.2 to it. This 
Veronese web only depends on £. In fact w{t) = {£ + tI)W. Thus: 

Giving a Veronese web of codimension r > 1 is equivalent to giving a mor- 
phism £ : W ^ V, where W is a r-codimensional vector subspace, without 
non-zero £-invariant vector subspaces. 

Proposition 1.3. Consider a Veronese web w of codimension r > I, a 
basis {ai, an} of V* and scalars ai,...,a„. Assume that aj{w{—aj)) — 0, 
j = 1, ...,n. Then w can be constructed through (a) of proposition 1.2 by means 
of the endomorphism J defined by J*ocj = djOij, j = 1, ...,n. 

Proof. As £*aj = Ojaj^^ then £* = {J\w)* ^ so J is an extension of £. □ 

Lemma 1.3. Consider a Veronese web w of codimension r > 1 on a n- 
dimensional vector space V and its characteristic numbers n\ > ... > nr. Let 
kj be the number of ni greater than or equal to j. Then r = ki > ... > k^ > 1, 
kj = if j > ni, and ki + ... + km = n. Moreover: 

(1) Given non-equal scalars bi, ...,bn-k,b, where 1 <k <r, there exists a basis 
{ai, ...,an} of V* such that aj{w{bj)) = 0, j = l,...,n — k, aj{'w{b)) = 0, 
j = n — k -\- 1, ...,n. 

(2) Given, this time, non-equal scalars ci,...,c„i there exists a basis {ftj}, i = 
1, ...,kj, j = 1, ...,ni, ofV* such that Pij{w{cj)) = 0, i = 1, ...,kj, j = 1, ...,ni. 

Proof. First consider a basis {e*j}, i = 1, ...TUj, j = 1, ...,r and ni > ... > 
Ur, of V* such that ^{t) = 71(f) A ... A 7r(f), where each ^j{t) = Y^^Li 
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is a representative of w. Now if : {l,...,n — k} ^ {l,...,r} is a map such 
that ip~^{i) has ne — 1 elements when 1 < i < k and ne otherwise, it suffices to 
set aj = l^(j){bj), j = 1, ..,n- k, and aj = 7j+fc_„(6), j = n-k + l, ..,n, for 
proving (1). 

With regard to (2) set (3ij = 7i(cj), i = 1, kj, j = 1, ...,ni. □ 
1.2. Pairs of bivectors. 

In this paragraph we will give the classification of pairs of bivectors, due to 
Gclfand and Zakharcvich, by regarding them as quotients of symplectic pairs. 
Consider, on a finite dimensional vector space W, a pair of bivectors (A, Ai). 
One defines the rank of (A, Ai) as the maximum of ranks of (I — t)A + tAi, 
i G K. Note that rank{{l—t)A+tAi) = rank{A, Ai) except for a finite number of 
scalars t, which is < ^^^f^ (they are given by the polynomial equation ((1— t)A+ 
tAi)*^ ~ where rank( A, Ai) — 2k). We will say that (A, Ai) is maximal (or of 
maximal rank) if rank{A) — rank(Ai) = rank{A, Ai). Obviously if (A, Ai) is 
not maximal one may choose A' = (1 — a) A + aAi, A'^ = (1 — ai)A + aiAi, with 
a 7^ ai, which is maximal. Consequently it suffices classifying maximal pairs. 

Recall that to any symplectic form lo defined on a vector space V of di- 
mension 2n one can associate a dual bivector Aj^ by means of the isomorphism 
u e V — > uj{v, ) e y* (or w e V" ^ u;( , w) e V*] the result is the same). Con- 
versely any bivector whose rank cqiials 2n can be defined in this way. More gen- 
erally when A is a bivector on W , considered as a bivector on ImA = A{W* , ) 
it is the dual of a symplectic form. Thus every bivector can be described by its 
image and a symplectic form on it; that is to say by the annihilator of ImA, or 
one of its basis, and a 2-form whose restriction to ImA is symplectic. 

Let Vb, TT : y — > and A be a vector subspace of V, the canonical projection 
and the bivector on ^ image of A,^ by tt respectively. 

Lemma 1.4. Consider a second vector subspace Vi such that V = Vq ® 
Vi. Assume isotropic Vq. Let A' be the bivector on Vi pull-back of A by the 
isomorphism tt -.Vi Then A' is defined by uj{Vo, )|vi find W|Vi- 

Proof. Set dimVo — n — k. There exists a basis {ei, .... e2n} of V such that 
uj = X]j=i '^^2j-i ^ ^^2j-i {e2j-i}, j = k + I, ...,n, is a basis of Vq. Then 
A = 7r(ei) A 7r(e2) -|- ... -|- 7r(e2fe-i) A 7r(e2ft). 
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On the other hand, asV = Vo®Vi there exists a basis B = {ei+vi, e2k + 
V2k, {e2j+V2j}j=k+i,...,n} of Vi where every Vi G Vq. Obviously A' = {ei+vi) A 

(62 + V2) + ... + (e2fe-l + V2k-l) A {e2k + V2k)- 

The restriction to Vi of the family {e^}, j = 1, 2k and j = 2{k + l), 2n, 
is the dual basis of B. So A' will be defined by the restriction to Vi of the 
2-form ej A 62 + ... + e2^_j A 62^., which equals that of lv, and by the basis 
{e2j|^^ = co{e2j-i, )|vi}' i = ^ + 1) •••)^ of the annihilator of 7mA' . □ 

Warning lemma 1.4 can fail if Vq is not isotropic. For example on K^: 
w = 61 A 62 + 63 A e|, Vo = Kjea, 64} and Vi = K{ei + 63, e2 + 64}. 

Remark. On a finite dimensional vector space E consider a symplectic form 
O and a 2-form Oi. Let K be the endomorphism defined by Oi = fl{K, ), 
that is to say Cli{v,w) = Cl{Kv,'w), v,w £ E. Then fl{K, ) = fl[ ,K); thus 
every fl{K'', ) is a 2-form on E. By definition the characteristic polynomial, 
the minimal one and the elementary divisors of (f2, Oi) will be those of K. 

Suppose that the characteristic polynomial of (0,^1) is the product piP2 
of two monic relatively prime polynomials. Then {Q,,fli,E) can be identified 
to the product of two similar structures {fl^,fll,Ei) x (n^,0f,£J2) where pi 
is the characteristic polynomial of {fl^,Sl\), i = 1,2. In this way classifying 
(n,r2i) reduces to the case where the characteristic polynomial is a power of 
an irreducible polynomial. It is not difiicult to see that the model of 
is completely determined by the Jordan structure of K. Moreover every ele- 
mentary divisor occurs an even number of times, so p is the square of another 
polynomial, and the minimal polynomial divides the square root of p. 

Let us come back to the main question. Consider a second symplectic form 
wi on V, the dual bivector A^^^ and its image Ai by tt on Let J be the 
endomorphism (in fact the automorphism ) of V defined by Wi = a;( J, ). 

Lemma 1.5. Assume that Vo is isotropic for both uj and uji and (A, Ai) is 
maximal. Then the vector subspace spanned by {Vq, J) is to and wi isotropic. 

Proof. First note that rankA = rankAi = 2r, where dimVo = n — r, 
because Vq is bi-isotropic. On the other hand if rank{K^ + tK^^) = 2n then 
co{{I+tJ~^)~^ , ) is its dual symplectic form (recall that if fli = fl{K, ) then 
Ai = A{{K~^)*, ) when A and Ai are regarded as 2- forms on the dual space). 
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Since rank{A+tAi) < 2r this implies that Vq is isotropic for uj{{I+tJ~^)~^ , ), 
so u){{I + tJ~^)~^v, w) = for any v,w gYq. 

Near G K one has rank{h.i^ + th-ui) = 2n so deriving at f = suc- 
cessively yields, up multiplicative constant, w{J~'^v,w) = 0, fc > 0. Hence 
co{J~^v, J~^w) = for any ^, s > as lj{J, ) = uj{ , J). This implies that 
the vector subspace spanned by {Vq, J~^) is w-isotropic; but this last one equals 
the vector subspace spanned by (Vq, J) since J is invertible. 

Finally as our vector subspace is J-invariant it has to be wi-isotropic. □ 

For the remainder of this paragraph (A, Ai) will be a maximal pair of bivec- 
tors defined on m-dimensional vector space W. Set r = corank{A, Ai). Assume 
that A is defined by Q!i, ar,u!, and Ai by /3i, ...,l3r,ioi, where ai, ar,l3i, G 
W* anda;,a;i gA'^W*. 

Let Vo be a vector space of dimension r and {ei,...,er} one of its basis. 
Let {el,...,e*} denote the extension of the dual basis of {ei,...,er} to V = 

® Vo by setting e*{W) = 0, i = 1, ...,r. On the other hand we will regard 
ai, ...,ar, Pi, I3r,ui,u}i as forms on V such that q;,(Vo) = Pi{Vo) = 0, i = 
l,...,r, (D(Vo, ) = u)i{Vo, ) = 0. Now on V one considers the symplectic 
forms u) = Co + ai A el + ... + ar Ae* and wi = wi + /3i A + ... + /3r- A e*. If we 
identify W to ^ by means of the canonical projection, by lemma 1.4 the pair 
(A, Ai) is just the image of the dual pair (A(^, A^^J. Thus any maximal pair is 
the quotient of a symplectic pair by a bi-isotropic vector subspace. 

By technical reasons we will deform coi for simplifying the algebraic structure 
of the symplectic pair. Set = Wi + A /xi + ... + /3r A = (^i + /^i A (e^ + 
/xi) + ... + /3r A (e* + Hr) where /xi, € V*, which is symplectic if and only 

if {{el + /Ui)|v"(,, (e* + /Ur)|v'o} ^^i^^ ^ basis of Vq. In this last case Vq is 

isotropic and the dual bivector A^ projects into Ai as well (apply lemma 
1.4 again). Let J and be the endomorphisms defined by oji = uj{J, ) and 

= w(J^, ) respectively, and let Sj be the vector defined by uj{ej, ) = /Xj, 
j = 1, r. Then 3^ = J + X^^^i(ej (g) + Jej (g) fij). 

Therefore, since J/x^y^ = X^j=i J^j ® i^j +Mj)|Vb' form co^ is symplectic, 
that is to say is an isomorphism, if and only if Ji^^y^ is a monomorphism. 

Let Vi denote the vector subspace spanned by (Vq, J), and V2 the w-orthogonal 
of Vi. As JVi = Vi the vector subspace V2 is the wi-orthogonal of Vi too. From 
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lemma 1.5 follows that Vi is isotropic for uj and wi; thus Vi CV2 and /3j{V2) = 0, 
j = 1, ...,r, since Pj{V2) = -wi(ej, V2). Hence = J + J^j^i Jej (8> on V2 
and (J^ - 7)^2 C JVb- 

Hereafter assume symplectic. Then J^Vq = JVq. This implies that 
{Vo,JiJ.) spans Vi as well. Again lemma 1.5, this time applied to u),u)n, shows 
that Vi is w^-isotropic; moreover V2 is the w^-orthogonal of Vi because J^Vi = 
Vi. Obviously JV2 = J^V2 = V2 since JVi = J^Vi = Vi and V2 is the orthogonal 
of Vi for LJ, coi and w^. 

The restricted forms co\v2 and wii^j = <^n\v2 (^^call that /3j{V2) = so 
(oj^ — a;i)|y^ = 0) project into a pair (w,wi) of symplectic forms on As 
oji = a;(J, ) and Un = oj{J^, ), the endomorphism J of ^ defined by Wi = 
u){J, ) is just the projection of both J\y^ and J^^y^- 

The next step will be to control the characteristic polynomial of J^, which 
is the product of three characteristic polynomials: that of the projection of 
on that of Jii]^y^ and that of the projection of J^on^. This last one is the 
characteristic polynomial of J, therefore it does not depend on /i; it will denote 
by 

As J is an isomorphism Vi is also the vector subspace spanned by (JVq, J). 
Now from lemma 1.1 applied to V\ and (JVq, J) follows the existence of a nilpo- 
tent H G Endiy^), such that Im{H — J\Vi) C JVq, and a basis {di, ...,dr} of 
JVo such that Vi = ^j^-^Uj where each Uj is the vector subspace spanned by 
{dj,H). Set G = H + Ej=i c^j ^ where Ai,...,A^ G and \j{Ui) = 
if i ^ j. Then we may choose Ai,...,Ar in such a way that {dj,G) spans Uj, 
j = 1, ...,r, Im{G — J\Vi) C JVo and the characteristic polynomial of G^u. is 
any monic polynomial whose degree equals the dimension of Uj . Moreover if G 
is invertible, so a monomorphism, there exist ujfj, and Jfj, such that J^^y^ = G 
since = J + Z^j=i J^j <8) /J-j on V2- 

Consider non-equal and non-zero scalars ai,...,ak, where k = dimVi, which 
are not roots of tlj{t). Then we can suppose, without loss of generality, that 
{dj, Jij) spans Uj and the characteristic polynomial of JiJ.\u. equals Y\.i^ij 
where {1, A;} is the disjoint union of /i,..., 7^. Thus the characteristic polyno- 
mial V'juC*) of Jfj, equals ip{t)p{t) 11^=1 where p{t) is the characteristic poly- 
nomial of the projection of on But t/Jn^t) has to be a square and ai, afe 
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are not roots ofV(t), so = ^(t) ni=i(*-«0' = V-W IVj=i{Uiei,it-aif). 

Now we may identify (w, w^, F) to a product 11^=0(^7' "^j' ^i) ^^^^ ^ 
that V(i) is the characteristic polynomial of J^^j^^ and HiG/jC* ~ ^i)^ that of 
Jn\Lj, 3 = l,-,r". Then Vb n Lq = {0}, dim{Vo n Lj) = 1, j = l,...,r, and 
Vo = ®j^i{Vo n Lj); indeed Jj^^dj is a basis of Vq n Uj, since J^Vq = JVq, and 
{J~^dj,Jij) spans ?7j. Remark that Ilie/jl* ~ ^i) is the minimal polynomial 
of any v e Vq fl Lj — {0}, j = l,...,r. Moreover (A, Ai) is identified, in a 
natural way, to the product of the dual pair (A^-o, A^-^), called symplectic, times 
the projections of the dual pairs (At-^., A^^j) on y^j^. , j = l,...,r, which will be 
called the Kronecker elementary pairs. The case without symplectic factor and 
that with no Kronecker elementary factor happen. 

Let us describe the Kronecker elementary pair in dimension 2n — 1. Consider, 
on a 2n-dimensional vector space E, a pair of symplectic forms {SI, fli) and the 
endomorphism K defined by Cli = Cl{K, ). Suppose that IliLil* ~ h)^ is the 
characteristic polynomial of (f2, Oi), where all h ^ and bi ^ bj if i ^ j. Let 
-Bo be a 1- dimensional vector subspace of E such that the minimal polynomial 
of its non-zero elements is HiLiC* ~ h)- Then there exists a basis {ei, ...,e2n} 
of E such that Q = A 63 + ... + e2„_i A e2„, Hi = 6ief A 63 + ... + 6ne2„_i A 
and e = — is a basis of Eq. 

Denote by Si, A and Ai the vector subspace of basis {ei, e2n-i}, and the 
images of Aq and Aq^ on respectively. As E = Eq® Ei by lemma 1.4 the 
bivector A, considered on Ei identified to ^ in the natural way, is given by 
u! = X^jJi e2j_i Ae2j, a = ^2j-i (obviously both of them restricted to Ei) 
while Ai is described by u)i = J^jZi ''j62j-i^^2j' ^ — Sj=i ^j^2j-i- Moreover, 
since Aq + tA^i^ is the dual bivector of + tK~^)~^, ) when t G K — 
{-61, -bn}, the bivector A+tAi is given by Ht = Y^]Zi bjit+bj)~''^e2j_iAe2j 
and at = {UU(* + bo))m + tK-T'e, ) = E;=i bj{U7=i.,i^j{t + bi))e*2j_,. 

But fi-bn ) Oi-bn still define a bivector on Ei , which by continuity has to be 
equal to A — 6„Ai. Thus corank{A + tAi) = 1 for any t gK — {—61, — 6„-i}- 
Reasoning in the same way but with other suitable direct summands of Eq (for 
example for —61 the vector subspace spanned by {e2, e2n}) finally shows that 
corank(A + tAi) = 1, t G K. Hence Im{A + tAi) = Kerat, i e K. 

Therefore E' = r\teKl'm{A + tAi) is the (n — l)-dimensional vector subspace 
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of basis {e2j}, i = 1, n — 1, and setting w^t) = -^'"(^^^i) defines a Veronese 
web w of codimension one on ^ . Indeed, identify ^ to the vector subspace E" 
spanned by {e2j-i}, j = l,...,n, and restrict at to it (proposition 1.2 applied 
to K\E" and (E"=i bje2j_i)\E" just yields at\E")- 

On the other hand (A, Ai) is a particular case of (A, Ai) with r = 1. So 
(A, Ai) is isomorphic to a product of a possible symplectic pair in dimension 
2(n — k) and a Kronecker elementary pair associated to scalars ai, ...,ak- As 
dim{Im{A + tAi)) = 2n — 2, t £ K, the characteristic polynomial of the sym- 
plectic factor has no roots and in this case an elementary calculation yields 
dimE' = 2n — fc — 1. But dimE' = n — 1 so fc = n; that is to say there is no 
symplectic factor. In other words our pair can be constructed from any family 
of non-zero scalars {ai, such that at ^ aj if i ^ j, which shows that the 
Kronecker elementary pair (A, Ai) only depends on the dimension 2n — 1 but not 
on {bi,...,bn}- Thus, up to isomorphism, in every odd dimension there exists 
just one Kronecker elementary pair. 

Now we may state: 

Proposition 1.4. Consider a maximal pair of bivectors (A,Ai) on a finite 
dimensional vector space W. Set r = corank{A, Ai). Let Lq be the intersection 
of all the vector subspaces Im{A + tAi), t gM., of codimension r. Denote by Lq 
its annihilator in W* . One has: 

(a) Lo CimAi and A{L'q, )=Ai(Lq, ). 
In what follows set Li ~ A(Lq, ). 

(b) The restrictions to Lq of the 2-forms associated to A and, Ai respectively, 
which arc unique since Lq C ImA D ImAi, have Li as kernel. 

Therefore the projections on of these restricted 2-forms, denoted by Co and 
u)i respectively, are symplectic. 

(c) Setting w{t) = LmM^^l^hl ^ i £ K, defines a Veronese web on 

(d) The elementary divisors of {uj,uji) and the characteristic numbers ni > ... > 
Urof w determine the algebraic structure o/(A, Ai) com,pletcly. More precisely 
(A, Ai,H^) is isomorphic to a product Y{(>^^{A^ , A{,W^) where (A°, Aj, M^") is 
isomorphic, in its turn, to the dual pair of (a;,wi, j^) and every (A^,A^,W^), 
£ = 1, ...,r, is the Kronecker elementary pair in dimension 2ni — 1. 
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(e) corank{A + aAi) > r if and only if —a is a root of the characteristic poly- 
nomial of {u),U)l). 

Remark. Let (uj,lui) be a pair of symplcctic forms on a 2n-dimcnsional 
vector space V and let Vo be a line in V. Denote by Vi the vector subspace 
spanned by {Vq, J) where lui = uj{ J, ). Then the dimension of the symplectic 
factor, given by proposition 1.4, of the pair (A, Ai) induced by (A^j, A^^J on 
equals 2(n — dimVi). 

Indeed, first note that rankA = rankAi = ranfc(A, Ai) = 2n — 2 so (A, Ai) 
is maximal. Let e and W he a basis and a direct summand of Vo respectively. 
Then uj ~ uj + a A e* , uji = Qi + /3 A e* where Kera, Kerji, Keruj and Keruji 
contain Vbi Kere* = W and e*(e) ~ 1. Therefore, after identifying W and 
bivectors A and Ai are given by di, a and uii, (3 respectively. As V = W ® Vq we 
are just in the situation which allowed us splitting any maximal pair. There it 
was showed that the dimension of the symplectic factor equals that of ^ , where 
V2 was the orthogonal of Vi ; in our case 2n — 2dimVi . 

Proposition 1.5. Let W be a {2n—l)- dimensional vector space. The action 
of the linear group GLiyV) on {Is?W) x {Is?W) possesses one dense open orbit 
whose model is the elementary Kronecker pair in dimension 2n — 1 . 

Proof. First let us show that any pair (A, Ai) is approachable in (A'^W) x 
(A'^W) by a Kronecker elementary one. As bivectors of rank 2ri — 2 are generic 
in A^W one can suppose rankA — rankAi = 2n — 2. Now assume that the 
symplectic factor given by proposition 1.4 applied to (A, Ai) has dimension 
2fc > 2 and minimal polynomial ip. Note that there is only one Kronecker 
elementary factor since corank{A, Ai) = 1. By constructing this Kronecker 
elementary factor with scalars {ai, ...,a„_fe} which are not roots of (p, the pair 
(A,Ai) becomes the quotient by a line Vq of a dual symplectic pair {A^,Acj-^) 
defined on a 2n-dimensional vector space V, in such a way that the minimal 
polynomial of {lu,lui) is fYVjZii^ ~^ ''^^'^ YYj^ii^' ^ that of each e £ 
Vo — {0}. In particular (e, J), where wi = w(J, ), spans a (n — A;)-dimensional 
vector subspace. 

Set V = W (B Vq. By lemma 1.4 (A, Ai), regarded on W, is given by uj\w, 
'^(cj )\Wi '^i\w s-'^d wi(e, )ny. Now consider a vector e' near e whose min- 
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imal polynomial is fYYj=ii^ ^ ^j)- Then (e', J) spans a vector subspace of V 
of dimension > n ~ k and the symplectic factor of the quotient of (A^^, A^j^) by 
IK{e'} has dimension < 2k (see the foregoing remark). Since V = W(BK{e'} this 
last pair is given on by w I VI/, w(e', "^iiw f^^d aji(e', ) | ; therefore we 

can choose it as close to (A, Ai) as desired and, after a finite number of steps, 
(A, Ai) will be approached by a Kronecker pair. 

On the other hand if (A', A[) is a Kronecker elementary pair, consider scalars 
{ai, a„} all of them different. Then diTO(/TO(A'+ajA']^)) — 2n~2, j — 
and c?im(n"^]^/m(A' + ajA']^)) = n— 1. Therefore when (A, Ai) is close enough to 
{A',A[) one ha.s dim{Im{A + ajAi)) = 2n~2,j = l,...,n, and (iirn(n"^i/m(A+ 
flj Ai)) = 71 — 1. But by (d) of proposition 1.4 this last dimension equals n — k — 1 
where 2k is the dimension of the symplectic factor of (A,Ai); so fc = and 
(A, Ai) is Kronecker elementary too. □ 

2. Veronese webs on manifolds 

This section contains the basic theory of Veronese webs of any codimension. 
The notion of Veronese web of codimension one was introduced by Gelfand and 
Zakharcvich for studying the generic bihamiltonian structures on odd dimen- 
sional manifolds [31 IH [S] . Later on Panasyuk and Turiel dealt with the case of 
higher codimension |17) : see |18) as well. The approach given from now on, 
different from that of Gelfand, Zakharcvich and Panasyuk, follows the Turiel's 
work [151 m Hz]. 

Hereafter all structures considered will be real C°° or complex holomorphic 
unless another thing is stated. 

Let be a real or complex manifold of dimension n. A family w — {w(t) \ 
t G K} of involutive distributions (or foliations) on N of codimension r > 1 
is named a Veronese web of codimension r, if for any p £ N there exist an 
open neighborhood A of this point and a curve "f{t) in the module of sections of 
ATM (that is to say j{t){q) e AT*A = AT* TV for every q e A) such that: 

1) w{t) = Kerj{t), i e K, on A 

2) for each q G A, '-f{t){q) is a Veronese curve in A^T*N. 
The curve 7 is called a (local) representative of w. 

Although curves ^{t){q) and j(t)(q') could be not isomorphic when q ^ q' , 
j{t) = X^iLo'^^^T' 'where 7o,...7„_r are differentiable r-forms on A. On the 
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other hand Kerjn-r is an involutive distribution of dimension n — r since each 
Ker^{t) was integrable and limt'^~"'^{t) = 7„_r, t — )• oo. This allows us to 
define u;(oo) = Kerju-r, which does not depend on the representative because 
if 7 is another representative then 7 = /7 on the common domain (see (c) of 
proposition 1.2). In particular, there exists a global representative if and only 
if w{(x>) is transversally orientable. Obviously w as map from K U {00} = KP^ 
to the Grassmann manifold of (n — r)-plans of TN is smooth. 

Exeimples. 1) On regarded as a Lie group consider three left invariant 
contact forms pi,p2,P3- Suppose that pi A />2 A ^ and set 7 ) = (pi + tp2 ) A 
P3. Then 7 defines a codimension two Veronese web which is not flat because 
Kerps = iu{0) ® w(oo) is a contact structure. 

2) On K* with coordinates (xi, a;2, t/i, 1/2) set 7(f) = {dx2 Ady2+ X2dxi Adx2) + 
t{x2dx2 A dyi — dxi A dy2) + t^dyi A dy2- Then 7 defines a Veronese web of 
codimension two since d'y{t) = and 7(t) = {—dxi+X2^dy2 + tdyi) A {—X2dx2 + 
tdy2) when X2 ^ 0, while 7(f) = {dx2 — tdx\ + t^dy\) A dy2 if X2 = 0. 

Note that 7(t)(9) and 'y{t){q') are not isomorphic as Veronese curves when 
92 7^ and q'2 = 0. 

3) Let V be the 3-dimensional Lie algebra spanned by the vectors fields on 
K: Xi = {d/dt), X2 = t{d/dt) and X3 = t'^{d/dt). Set w{t) = {v G V \ 
v{t) = 0}. As w{t) = Ker{e\ + + ^^63} where {ef, 62, 63} is the dual basis 
of {Xi,X2,X3}, w = {'w{t) I f e K} is an algebraic Veronese web on V. But 
V is isomorphic to the Lie algebra of SL{2,K) and each is a subalgebra 
of V; therefore w gives rise to a Veronese web w of codimension one on any 
3-dimensional homogeneous space of SL{2,K). 

Now we shall give a local description of Veronese webs of codimension r 
by means of a (1,1) tensor field and a r-form. Consider non-equal scalars 
{ai, a„_/j, a}, where 1 < < r, and any point p € N. By lemma 1.3 there 
exists a basis {Ai, A„} of T*N such that KerXj D 'w{—aj){p), j = 1, ...,n — k, 
and KerXj D w{—a){p), j = n — k + 1, n. Since every distribution w{t) is in- 
volutive, on some open neighbourhood ^4 of p one may construct closed 1-forms 
/3i, ■■■,l3n, extensions of Ai, A„, such that Ker(3j D w{—aj), j = 1, ...,n — k, 
Ker^j D «;(— a), j = n — k + 1, n, and pi A ... A ,0„ is a volume form. 

Let J be the (1, 1) tensor field on A defined by /3j o J = ajpj, j = 1, n — k, 
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and (5j o J = aj3j, j = n — k + l,...,n. In coordinates {xi,...,Xn) such that 
I3j = dxj, j = 1, n, one has J = aj gfj ^ ^Xj + a E"=„-fe+i gfj rfa;^, 

so J is flat and diagonalizable. 

Moreover, by propositions 1.2 and 1.3, if /3 is a r-form on A such that Kerji = 
w{oo) then 7(t) = (n"jf (* + + af{{J + tl)-'^)*l3 is a representative of 

w. 

On the other hand if ni is the height of w{p) and ki > ... > kn-^ are hke 
in lemma 1.3, given non-equal scalars ai,...,a„i a similar argument allows to 
construct closed 1-forms {Aj}, i = l,...,kj, j = l,...,ni, linearly independent 
everywhere and such that $ij{w{—aj)) = 0, i = l,...,kj, j = l,...,ni. Then, 
by propositions 1.2 and 1.3, j{t) = iU^Liit + aj)''^){{J + tiy^)* p where J is 
deflned by $ij o J = aj^ij, i = 1, kj, j = 1, ni. 

Theorem 2.1. Let N be a n-dimensional real or complex manifold. 
(1) Consider a Veronese web w on N of codimension r and non-equal scalars 
ai, a„_fe, a where I < k < r. Then for each p ^ N there exist an open set 
p ^ A and a {1,1) -tensor field J on A whit characteristic polynomial (f(t) = 
{XVj=i{t ^ ^ 'A^ ! which is flat and diagonalizable, such thai: 

(1) {Ker{ J* — ajl))w{—aj) = 0. j = 1, n — k, and {Ker{ J* — al))w{—a) = 0. 
(II) For any q Cz A, (w(cxd)((j)', J*(g)) spans T*A, that is to say w{oo){q) con- 
tains no J -invariant vector subspace different from zero (as before ' means the 
annihilator) . 

In particular, if j3 is a r-form and Kerfi = w{oo) then j{t) = {YVj=i{t + 
aj))(t + a)^{{J + tl)^"^)* represents w. 

Moreover is X is a closed 1-form such that KerX D w{oo) then d{XoJ)^^(^^^ = 

0. 

(2) Now consider non-equal scalars ai,...,a„j instead o/ ai, a„_fe, a, where 
ni is the height of w{p), and numhers ki > ... > kn-^ like in lemma 1.3. Then 
there exists a [1,1) -tensor field J defined on an open neighbourhood A, which 
is flat and diagonalizable, with characteristic polynomial (p — Jlj=i(^ ~ '^j)'^^ 
such that {Ker{J* — djl))w(^dj) — 0, j — l,...,ni, (w(oo)', J*) spans TA*, 
lit) ^]XjLi{'t + dj)^^{{J + tiy^)*l3 represents w and j =^ j on An A. 

Moreover d{Xo.I)^^(^^-^ = for any 1-closed form X such that KerX D w{oo). 

(3) Finally, on N consider a foliation of codimension r >1, a r-form P such 
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that Ker^ = T and {1,1) -tens or field J with characteristic polynomial (p{t). 
Suppose that: 

(I) {T' , J*) spans T*N, that is to say T does not contain any non-zero J- 
invariant vector subspace. 

(II) {Nj) 1^ = 0, where Nj is the Nijenhuis torsion of J, and d{ii o J) |^ = for 
each closed 1-form fj, such that Ker^ D T (note that if T = Ker{Xi A ... A A^) 
where each Xj is a closed 1-form, this last condition is satisfied if and only if 
Ai A ... A Ar A d{\j o J) = 0, j = 1, ...,r). 

Then ^(t) = (— 1)"<^(— t)((J + defines a Veronese web w of codi- 
mension r for which ■w{oo) = T . This Veronese web only depends on T and J. 

In view of propositions 1.2 and 1.3 and all that said previously, for proving 
theorem 2.1 it suffices to show that d{\ o J)|tu(oo) = d{X o J)|„,(oc) = and that 
every w{t), t €K, is involutive. For this purpose we need the following result: 

Lemma 2.1. Given a 1-form p and a (1, 1) -tensor field G on manifold, then 
d{poG){G , )-\-d{poG){ ,G ) = dp{G ,G ) + d{poG^)-\-poNG. 
Proof. Consider two vector fields X, Y. One has: 
d{poG){GX,Y) = {GX)p{GY) - Yp{G'^X) - p{G[GX,Y]) 
d{p o G){X, GY) = Xp{G'^Y) - {GY)p{GX) - p{G[X, GY]). 
So d{p o G){GX, Y) + d{p o G){X, GY) = dp{GX, GY) + d{p o G'^){X, Y) + 
p{Ng{X,Y)). □ 

Let A a closed 1-form such that KerX D w{oo). lit G K— {— ai, —an-k, —a} 
lemma 2.1 applied to Ao(J+t/)-i and (J+tl) yields d{XoJ) = d{Xo{J+tI)) = 
-d{Xo{J + tI)-^){{J + tI) ,{J + tI) ). 

But Ker{X o ( J + tl)~^) contains w{t) which is involutive, so d{X o ( J + 
tl)-'')\w{t) = . Hence d{X o J)|^(^) = -d{X o ( J + t/)-i)((J + tl) , (J + 
tl) )\w{oo) = since (J + tI)w{(X)) = w{t). 

The case of J is similar. 

Now we shall prove the involutivity of every w{t). Consider a point q G N 
and t €K such that J -\-tI is invertible around q. If /x is a closed 1-form and 
Kerp D T then Ker{p o ( J -|- tl)~^) D iB{t) and by lemma 2.1 



19 



d{i^o{J + tl)-'^){w{t),w{t)) = d{fio{J + tI)-'^){{J + tI)J^,{J + tl)j^) = -d{lJLO 
{J + tI)){T,T) - M(A^(J+t/)(^,^)) = -d{li o J){T,T) - fi{Nj{J^,T)) = 0. 
That is to say o (J + f7)~^)|^(j) = 0. 

Around q there exist closed 1-forms /Ui, Hr such that Ker{fj.i A ... A ^r) = 
J^; therefore yUi o ( J + tl)~^, ...,Hr o ( J + tl)~^ define w{t). But d{fij o (J + 
tl)~^)\w{t) = 0) i = 1) •••I'^i so is involutive near q. On the other hand if A 
is an open neighbourhood of q, small enough, there exists a non-empty open set 
B CK such that J +tl is invertible on A, and therefore 'w{t) involutive, for any 
t gK. As 7(t) is polynomial in t this implies that every w{t) is involutive on A 
(indeed if X, Y are vector fields belonging to then ^{t) [{J + tI)X, (J + tI)Y] 
is polynomial in t), which proves theorem 2.1. 

Corollary 2.1.1. Consider a Veronese web w on N of codimension 1 < 
r < n — \, an immersion f : P ^ N and a scalar b. 

(1) If for every p G P the characteristic numhers of w{ f{p)) are greater than 
or equal to 2 and f<,{TpP) D w{b){f{p)), then the family {w{t) = | 
i e K — {b}} extends to a Veronese web w on P of codimension r by setting 
'w{b) = limw{t), t ^ b. 

(2) Now assume that the characteristic numbers of tv{ f{p)) are constant on P; 
let f the number of them greater than or equal to 2. If f*{TpP) = w{b){f{p)) 
for any p G P , then the family {w{t^ = f^^{w{t)) | t G IK — {b}} extends to a 
Veronese web w on P of codimension f by setting w{b) = limw{t), t ^ b. 

Proof. As the problem is local we may suppose that P is a regular (imbed- 
ded) submanifold of A'' of codimension k and / the canonical inclusion. Consider 
non-equal scalars ai, ...,a„_fe,a where a = —b. Then in the construction of J 
we can take ^„ in such a way that Ker{j3n-k+i A ... A Pn){p) = TpP, 

p £ P; even more one may suppose P = {x \ Xn-k+i = ■■■ = a;„ = 0} when 

= dxj, j = l,...,n. On the other hand the integrability is clear since 
w{t) = w{t) n TP, teK- {b}. 

Now consider a r-form /3 such that Ker(3 = 'w{oo) and 13 = ni A ...fir, where 
fj,i, IJ,r are 1-forms, and set J = '^j afj ® dxj on P. As (/xi, ...,iir,J*) 

spans T*N then (/ii|p, ...,/ir|p, •^*) spans T*P. 

In the first case of the corollary has no zeros and 7(f) = (Iljjf + 
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aj)){{J+tI)~^)* {(3\p) is a representative of w. In the second one {^i(p)|p, fir{p)\p} 
spans a f-dimensional vector subspace of T*P at any p £ P, which ahows us to 
assume, for example, that (/ii A ...fif)^p never vanishes (our problem is local); 
then 7(t) = HJ^f + + t^)^^)* il^i ^ ■■■ ^ l^f)\p is a representative of w. 

□ 

A family w of r-codimensional distributions which satisfies all the conditions 
of Veronese web except, perhaps, for the involutivity of each w{t) will be called 
a Veronese distribution. 

Corollary 2.1.2. Consider a Veronese distribution w , of codimension r > 1, 
on N and a point p of this manifold. Let ni be the height of w{p). Assume that 
w{oo), w{bi), u)(6„j_|_i) are integrable for ni + 1 non-equal scalars bi, &„i+i. 
Then w is a Veronese web around p. 

Indeed, let ki > ... > fc„j like in lemma 1.3. Set aj = —bj, j = l,...,ni. 
Since w(6„j) are involutive, reasoning as in the construction of J gives 

rise to a (1, l)-tcnsor field H defined around p, flat and diagonalizable, with 
characteristic polynomial HjiiC^ + ^j)''^ such that {Ker{H* + bjl))w{bj) ~ 0, 
j = l,...,ni, and p{t) = JXjLiit - bj)''H{H + tl)-^)* where Ker^ = w{oo), 
represents w. 

On the other hand ° H)^^^^^ = for any 1-closed form A such that 
KerX D w{oo), because w{b„-^+i) is involutive and H + bn^^+il invertible (do 
reason as in the first and the second paragraphs after the proof of lemma 2.1). 
Now apply (3) of the foregoing theorem. 

Remark. Corollary 2.1.2, with another proof, is due to Panasyuk [TU] and 
it was conjectured by Zakharevich (TB] (see [T] by Bouetou and Dufour as well) . 
Note that by means of a projective transformation of KP^ = K U {oo}, one 
may replace the integrability of w{oo) by that of w{bn-^+2) for some 6rii+2 £ 
K — 6„j+i}; in other words it suffices the involutivity of w{t) for ni + 2 

elements of KP^. Therefore if k is the maximum of the height of w(q), q £ N, a 
Veronese distribution w is a Veronese web on N if and only if w(t) is involutive 
for k + 2 values of t e KP\ 

By a similar reason, corollary 2.1.1 still holds if 6 = oo. 

Proposition 2.1. Let w — {w{t) \ t e K} a family of foliations of codi- 
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mension r defined on a manifold N. Assume that each 'w{p) is an algebraic 
Veronese web on TpN, which allows us to define a r-codimensional distribution 
T on N, possibly not smooth, by setting J^{p) = limw{t){p), t ^ oo. If T is 
smooth then w is a Veronese web on N . 

Proof. Note that the (1,1) tensor field J may be constructed, as before, 
around each point of N since every w{t) is a foliation. On the other hand 
locally there exists a r-forni (3 such that Ker/3 — T because T is smooth. So 
= (n^CfC* + + + i/)"^)*/3 is a representative of w. □ 

Example. On an open set A of K" consider a (l,l)-tensor field J = 
Z)i=i fji^j)^®'^^] where fj{xj) ^ fk{xk) whenever x = (xi, ...,x„) G A. Set 
P = dxj. As Nj = 0, (/3, J*) spans T*A and rf(/3 o J) = 0, by (3) of theo- 

rem 2.1 the curve 7(f) =n;=i(i + ./,)/3o(J + t/)-i = T.%^{K=l■,^^Jit+ f,))dx, 
defines a Veronese web w on ^ of codimcnsion one, which generally is not flat. 

Indeed, when w is flat there exists a representative 7(f) — X^ILo^ with 
each 7i closed. Set 7(f) = X)"=ro^^*7«- As 7 = /7 then 7^ A ^7^ = 0, z = 
0, n — 1. But 7„_2 = X]j=i(/i + ••• + fj + ••• + fn)dxj; so the coefficient of 
da;i A dxj A dxfc, where i < j < k, in the expression of 7„_2 A d'yn-2 = equals 
/i(/fe - ./j) + - f'k) + fkif'j - ,//) which almost never vanishes. 

For obtaining a 2-codimensional Veronese web 111, one may consider a second 
1-form /?' = '^^j=i 9j{xj)dxj such that /3 A /?' never vanishes and set j{t) = 

n;=i(i+/.)((^+i^)-')*(/3A^') = Ei<j<k<ninu-,i^j,kit+fi)){gk-9j)dxj a 

Theorem 2.1 gives a method to construct all Veronese webs locally. Usually 
the scalars ai, a„_/j; a, respectively ai,...,a„j, do not determine J, respec- 
tively J, which prevent us constructing them globally. Nevertheless if the char- 
acteristic numbers are constant and equal, for example if r = 1, then ni = ^, 
ki = ... = km = r and J can be constructed on all N since, now, Ker{J* —dji) 
is the annihilator of w(— aj). 

On the other hand, in view of proposition 1.2, the restriction of J or J to 
w{oo) gives rise to a morphism (of vector bundles) £ : w{oo) TN , which only 
depends on the Veronese web, without non-zero ^-invariant vector subspace at 
any point of N . Moreover w{t) = + tl)w{oo), t eK. 

Now consider, on a manifold M, a foliation J-" and a morphism (of vector 
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bundles) G : T ^ TM. If a is a s-form defined on an open set A of M, then 
G*a is a section on A of A**^* and can regarded as a s-form on the leaves of 
J^; thus we shall say that is closed on T if it is closed on its leaves. Besides, 
when G : TM — > TM is a prolongation of G, then rf((5*a)|^ equals the exterior 
derivative of G*a along the leaves of J^; thus G*a is closed on if and only if 
d((5*a)|^ = 0. 

Lemma 2.2. Assume that G*a is closed on J- for every closed l-forrn, a 
such that Kera D T . Then the restriction of Nq to T , which will be named the 
Nijenhuis torsion of G and denoted by Nq, does not depend on the prolongation 

G. 

Proof. As the problem is local we may suppose that J" = Ker{ai A ... A ak) 
where each aj is a closed 1-form and k = codimT. Since the difference between 
two prolongations equals Yl'j=i^3 ® suffices to consider the case H = 

G + Y with a A ai A ... A afe = and da = 0. Now given X G one has: 
Nh{X, ) = LhxH - HLxH = Lqx{G + Y(^a)- GLx{G + F a) - F 
a{LxG + Lx{Y^a)) 

whence Nh{X, ) - Nq{X, ) = Y ig, {L^xa - a{LxG)) + Y ®a because 
Lxa = d{a{X)) = 0. 

On the other hand when Z G !F: 
{LQxOi - a{LxG)){Z) = Za{GX) - a{[X,GZ]) + a{G[X,Z]) = Za{GX) - 
Xa{GZ) + a{G[X, Z]) = -d{a o G){X, Z) = 

since a is closed and aoG is closed on J^. Therefore {NH)\jr = {Nq)\j7. □ 

Note that the Nijenhuis torsion of £ : w(oo) TN vanishes and £*a is 
closed on w{oo) for every closed 1-form a such that Kera D w(oo) since J, its 
local prolongation given by (1) of theorem 2.1, has zero Nijenhuis torsion and 
rf(ao J)|^(<^-) = 0. 

Conversely, given a foliation T on N of codimension 1 < r < n and a 
morphism £ : T ^ TN with the algebraic and differentiable properties stated 
before, then w{t) = {£ + tI)T, t e K, defines a Veronese of codimension r for 
which w{oo) = T. Indeed apply (3) of theorem 2.1 to a prolongation J of I. 
Thus: 

Giving a Veronese web on N of codimension r > 1 is equivalent to giving 
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a morphism t : T ^ TN , where T is a r-codimensional foliation without non- 
vanishing i-invariant vector subspace at any point such that: 

1) whenever a is a closed 1-form whose kernel contains T, restricted to the 
domain of a, then £*a is closed on T , 

2) Ni = 0. 

Note that ii T = Ker{ai A ... A a^), where dai = ... = dur = 0, then £*a is 
closed on J- for any 1-form a such that da — and Kera D J- , if and only if 
t*ar are closed on F. 

Example. On an open set A of K^™, endowed with coordinates {x,y) = 
(xi, Xm, yi, 2/m), consider the foliation F defined by dyi = ... ~ dym = 
and the morphism £ : F ^ TA given by £(gf-) = J2T=i fik-;^, j = 1, ...m. 
Assume | fjk \^ everywhere, which implies that I : T ^ TA defines a m- 
codimensional Veronese distribution w on A with characteristic numbers ni = 
... = ri„j = 2. Then u; is a Veronese web if and only if <i(X]jLi fjkdxj)\jr — 0, 
k = l,...,m, and [ELi /jfc afl' ELi /jfc af^J = 0, I < j < j < m (indeed 
consider the prolongation J of £ given by J{-^) = 0, fc = 1, ...,m). 

When m = 1 there are no conditions at all. If m = 2 one has a partial 
differential system of order one with four equations and four functions; for m > 3 
the system is over-determined. 

More generally when n = 2m, the m-dimensional Veronese webs on N , with 
characteristic numbers ni = ... — 2, are given by a morphism £ : T ^ TN 

such that dimT = m and TN = J- ® Im£. As £ is determined by its image 
and its graph, which may be identified to w{l) = {£ + I)J^, from the algebraic 
viewpoint giving a Veronese web w with all its characteristic number equal to 
2 is like giving the 3-web = w{oo),w{0),w{l)}. Conversely, for any 3-web 
D = {Vi,T>2,T>3} on N there exists just one Veronese distribution wd such 
that wd{oo) — T>i, W£)(0) = 2?2 and wd{1) = T>y,. It is easily seen that wd is a 
Veronese web if and only if the torsion of the Chern connection of D vanishes 
(the Chern connection of D is the only connection making 2?i , 2?2 , 2^3 parallel 
such that T(2?i,2?2) = 0, see [8]). 

For the link between fc-webs, fc > 4, and Veronese webs see [T] (Bouetou- 
Dufour) . 

3. Kronecker bihamiltonian structures 
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Consider two Poisson structures A, Ai defined on a real or complex manifold 
M of dimension m. Following Magri |B] we will say that (A, Ai) is a bihamilto- 
nian structure (or that A, Ai are compatible) if A + Ai is still a Poisson structure, 
which is equivalent to say that their Schouten bracket vanishes or that A + 6Ai 
is a Poisson structure for some 6 e IK — {0}. Recall that if A, Ai are compatible 
then aA + aiAi is a Poisson structure for all a, ai S K. 

A bihamiltonian structure (A, Ai) will be called Kronecker wYien there exists 
r G N — {0} such that each (A(p), Ai(p)), p G Af , is the product of r Kronecker 
elementary pairs. In this case from the algebraic model at each point follows 
that m — r = ranA:(A, Ai) = ranfc(A) — rank(Ai) — rank{A + <Ai) for any 
t E K; moreover T) — n/m(A + tAi), t G K, is a foliation of dimension ^^^^^ 
lagrangian for both A and Ai, and V C ImKi. This foliation will be named the 
soul o/(A, Ai). 

Let N be the local quotient of M by the foliation 2?, which is a manifold of 
dimension n = ^^iii^ and let tt : Af — > be the canonical projection. Then w — 
{w{t) — 7r*(/m(A + iAi)) | t G K} is a family of foliation on N of codimension r, 
whose limit when t ^ oo equals 7r*(/mAi) since 7r*(/m(A+tAi)) = 7r*(/TO(sA + 
Ai)) where s ^ t^^. Besides w is a Veronese web of codimension r. 

Indeed, givenp G N such that 7r(q) = p, proposition 1.4 applied to (A(q), Ai(q), TqM) 
shows that 'w{p) is an algebraic Veronese web. Now apply proposition 2.1. 

In short a Veronese web of codimension r is locally associated to any Kro- 
necker bihamiltonian structure with r factors. Our next goal is to study when 
this Veronese web locally determines the Kronecker bihamiltonian structure. 

Recall that a Poisson structure A' on M of constant rank m — r can be 
locally described by r closed 1-forms giving the foliation ImK' and a 2-form 
whose restriction to ImA' is symplectic; this last one is only defined modulo the 
ideal spanned by the 1-forms. Consider non-equal and non-vanishing scalars 
oi, a„_r, a, any point p € N and closed 1-forms ai, ckr, defined around p, 
such that Ker{ai A ... A a^) = w{oo). Let J be a (1, 1) tensor field like in part 
(1) of theorem 2.1; then (ai, ...,ar, J*) spans the cotangent bundle near p and 
ai A ... A Q!r A d{aj o J) = 0, j = 1, r. On the other hand one may choose 
coordinates (xi, Xn-r, 2/i, 2/r), defined on an open neighbourhood of p = 0, 
such that dxj o J — ajdxj, j = 1, ...,n — r, and w(0) = Ker{dyi A ... A dyr)] 
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indeed the choice of xi, Xn-r is obvious and dxi, dxn-r restricted to w(0) 
are Unearly independent everywhere since they are independent restricted to 
w{—a) and w{—a) = ( J — a/)J~^w(0). As T> is A-lagrangian functions xi o 
n, XrOTT are in A-involution, so around each p' G 7r~^(p) there exist functions 
/i, fn-r, vanishing at p', such that A is given by d{yi o tt), d{yr o tt) and 
d{xi o tt) A d/i + ... + d{xn-r on) A dfn-r- Now by setting Zj = fj and writing xj 
and Uk instead of xj o n and yk o tt, for sake of simphcity, we construct a system 
of coordinates {x,y,z) = {xi, ...,Xn-r,yi, ■■■,yr,zi, ...,Zn-r) such that p' = 0, 
7r(a;, y, z) = {x, y) and A is given by dyi, dyr, YTjZl dxj A dzj. 

But T> is Ai-lagrangian too, so xi,...,Xn-r are in Ai-involution. More- 
over on N forms dxi, ...,dxn-r restricted to w(oo) are Unearly independent 
everywhere since w{—a) = ( J — a/)w(oo); therefore around p' there exist func- 
tions gi, ...,gn-r such that Ai is given by dxi A dgi -|- ... -|- dXn-r A dgn-r and 
a\,...,ar (more exactly 7r*Q:i, 7r*Q:r)- On the other hand 'K~^{w{—aj)) = 
Im{A — ajAi) c Kerdxj whence (d/dzj) = A{dxj, ) = ajAi{dxj, ) and 
{dgk/dzj) = Sjkttk- So Ai is given by ai, and J^jZi ajdxj Adzj+co where 
oj = Y^ hij {x, y)dxi A dxj + ^ hik {x, y)dxi A dyk and rfw = 0. 

Thus w may be regarded as a closed 2-form on an open neighbourhood of p 
in N. 

Given a fc-form r, A; > 1, and a (1, 1) tensor field H on& manifold, toH and 
th will denote the fc-forms defined by {t o H){X\, ...,Xk) = t{HXi, HXk) 
and th{X,,..., Xk) = t{HXi,X2..., Xk)+T{X, , HX2, Xk)+...+T{Xi, Xk-uHXk) 
respectively. 

The next proposition, proved later on, characterizes the compatibility of A 
and Ai. 

Proposition 3.1. The pair (A, Ai) is compatible if and only if ai A ... A 
ttr A duij = 0. 

The local determination of the bihamiltonian structure by the Veronese web 
will be established if we are able to delete the term co in the expression of 
Ai, since ai,...,ar only depend on the web. Given a function (p{x,y) defined 
around p set uj = zj — (dif/dxj), j = 1, n — r. Then, in coordinates {x, y, u), 
dyi, dyr, X^"=i dxjAduj define A (the other terms belong to the ideal spanned 
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by dyi, dyr) while Ai is given by ai, a^, o-jdxj Aduj + {uj — d{d(poJ)); 

indeed each {dyk o J) A ai A ... A =0 since Jw(oo) — w{0), so {dip o J — 
0'j{d(p/dxj)dxj) Aai A ... Aa^ = 0. As the 2-form expressing Ai is defined 
modulo the ideal spanned by ai, a^, it suffices to find a function ip such that 
ai A ... A ar A d{dip o J) — ai A ... A ar A lu for deleting lu. To remark that if 
a such function ip exists, by adding a suitable linear function of {x,y) we may 
suppose d(p{p) — and Uj{p') = 0, j ^ 1, n — r. 

Theorem 3.1. On a manifold N consider closed 1-forms ai,...,ar, r > 
1, linearly independent everywhere and a (1,1) tensor field J, which is flat 
and diagonalizahle with characteristic polynomial {t — clY YYj^i{t — aj) where 
ai, ...,ar,a are non-equal scalars. Assume that (ai, a^, J*) spans T* N and 
ai A ... A ttr A d(pij o J) = 0, j = 1, r. 

Given a closed 2-form lo on N if duj — then, around each point of N , 
there exists a function p> such that ai A ... A ar A d{dp o J) = ai A ... A A w 
at least in the following three cases: 

(1) on complex manifold, 

(2) in the real analytic category, 

(3) in the C°° category when r ~1. 

This theorem will be proved in the next section. 

Theorem 3.2. From the local viewpoint the Veronese web completely de- 
termines the Kronecker hihamiltonian structure, at least, in the following four 
cases: complex manifold, real analytic category, C°° category when r — 1, and 
flat Veronese web. 

Theorem 3.2 is an obvious consequence of theorem 3.1 except for real flat 
webs. In this last case in some coordinates (ui, w„) the expression oiw{t) does 
not depend on the point considered, which allows us to choose ai,...,ar and 
J with constant coefficients. Thus in these coordinates the partial differential 
equation ai A ... A A d{dip o J) — ai A ... A Or A uj ia homogeneous of of order 
two with constant coefficients and C°° independent term. By the Ehrenpreis- 
Malgrange theorem (see fT) there exist local solutions provided that it has 
formal solutions. 
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Let Ldk be the fcth term of the Taylor expansion of cj, always in coordinates 
{vi, ...,Vr), at point q. Then dujk — and ai A ... A A d{{u!k)j) — 0, so by 
theorem 3.1 the equation ai A ... A A d(dip o J) ~ ai A ... A ar A ujk has a 
solution / around q. Note that the (fc + 2)th term fk+2 of the Taylor expansion 
of / at g is a solution of this equation too. Thus if / is a polynomial of degree 
£ > 2 such that ai A ... A A d{df o J) = ai A ... A A {luq + ... + then 
ai A ... Aar A d{d{f + /f+i) o J) ai A ... A A {uiq + ... + w^-i). Therefore 
the equation ai A ... A a,, A d{dip o J) — ai A ... A ar A uj is formally integrable 
and there exist local solutions of it around each point. 

Theorem 3.2 was proved by Gelfand and Zakharevich [31 H] for analytic 
Veronese web of codimension 1; the flat case, the C°° case of codimension 1 and 
the analytic one of any codimension are due to Turiel |15l 117] . 

Now we will prove proposition 3.1 

Lemma 3.1. If t ^ {^oi, ^o-n-n ~a} then A + tAi is defined by ai o 
(J + tl)-^, ...,a,.o(J + i/)-i and J2'^^l a.j{t + a^^'^dx^ Adz^ +tujo {J + tiy^ . 

Proof. First we replace coordinates (yi,...,yr) by coordinates (ui, ...,Ur) 
such that duk o J ~ aduk, thus J = '^ilir '^^J ~^ ^'Su^ ® '^'"^ 

in coordinates (xi, wi, Wr)- Let y be a r-dimensional vector space 
and let {ei, ...,6^} be a basis of V. It will be enough to prove the result for 
each point q. On TqM ®V sei Vl — Y^^Zi '^^j ^ dzj + J2k=i ^"fc ^ ^1 = 
djdxj A dzj + X]fe=i o-duk A el + Lo where dxj, dzj, dy^, duk, and uj are 
extended to TqM © in the obvious way and the point q is omitted in the 
notation. 

Let G and H be the endomorphisms of TqM®V defined by il(G, ) ~ fii — a; 
and fl{H, ) ~ uj respectively. Note that G — X^jCi '^ji'^'S^^Xj + ^®dzj) + 
Ylk=i a{-^'S>duk+ek®el), dxjoG = dxjoj, dyuoG = dyuoj, dukoG = duuoj, 
j = 1, n — r, k = 1, r, and ImH C U C KerH, so = 0, where U is the 
vector space spanned by ((9/9zi), (9/9z„_r), ei, e^. 

Let W be the r-dimensional vector subspace of TqM ® V whose image by 
is the space spanned by dyi, dyr (note that this last space is the annihilator 
of ^(O) © U). Obviously W C U so W is fi-isotropic; moreover W is a. direct 
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factor of TqM since dxi, dxn-r, dyi,..., dyr are linearly independent. On the 
other hand f2i(W, ) = 0(GW, ) is spanned by dj/i oG = dyi o J, rfj/^ °G = 
dyr o J. As Jw{oo) = w(0), f2i(W, ) is spanned by a\, ...,ar too; that is to 
say Oi(W, ) is the annihilator of w{oo) ® U and W is Ai-isotropic too. 

By lemma 1.4 bivectors A, Ai are the projection on "^"''^^^ = TqM of the 
dual bivectors Aq and Aq^ . Therefore A + tK\ is the projection of Aq + 1 Aq^ , 
which is the dual bivector of Q.{{I + t{G + ). 

By lemma 1.5 the space W is isotropic for this last symplectic form, so 
A + tKi will be given by the restriction to T,M of ^((7 + t{G + H)-'^)-'^, ) 
and f2((7 + t(G + iJ)-i)-iW, ). 

Recall that if A is an automorphism and B an endomorphism such that 
£2 = and A-'^{ImB) c KerB, then {A + B)-'^ = A''^ - A-'^BA-^. So 
(G + i7)-i = - G-'^HG-^ and (/ + t{G + i7)-i)-i = ((7 + iG"!) - 
tG-^HG-'^)-^ = (7 + + t{G + tI)-'^H{G + tiyK 

Hence 0((7 + i(G + 77)-i)-i, ) = E]Zi aj{t + aj)-^dxjAdzj + J2l=ia{t + 
a)-'^duk hel+tujo{J + tiy and f2((7 + t{G + H^^W, ) = 0((7 + 
tG~^)~^W, ) equals the vector space spanned by dyi o (7 + tG~^)~^ dyr o 
(7 + tG~^)~^, that is to say by ai o ( J + tl)~^,..., ai o (J + tl)~^, since rfj/fe o 
(7 + tG-i)-i = dyfeo(7 + tJ-i)-i = (rfj/feo J)o(J + t7)-i and Jw(oo) = ^(0). 
□ 

Lemma 3.2. Consider a k-form, t, k>\, and a (1, 1) tensor field G on a 
manifold. Suppose that the Nijenhuis torsion of G vanishes. Then {d{ToG))G = 
d{{T o G)g) + (dr) o G. 

Proof. By induction on k. The case k = 1 follows from lemma 2.1; on the 
other hand if fc > 2 it suffices proving the lemma when ^ = A ^2 and /3i is a 
1-form. Then 

id{(3 o G))g = o G) A (/32 o G))g - ((/3i o G) A d(/32 o G))g = (d(/3i o G))g A 
(/32 o G) + d{Pi o G) A (/32 o G)g - o G)g A d(/32 o G) - o G) A (d(/32 o G))g 

o G)g) = o G)g a (^2 o G)) + o G) A (^2 o G)g) = o G)g) A 
(/32 o G) + o G)) A (^2 o G)g - (^1 o G)g a rf(/32 o G) - (^1 o G) A d((^2 ° G)g) 
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{dp) oG= {{dpi) oG)A {p2 oG)- o G) A {dp2) o G. 

Now take into account that the formula is true for Pi (lemma 2.1) and 
P2 (induction hypothesis), and remark that the second and third terms of the 
expansion of {d{P o G))g equal the second and third ones of d{{P o G)g)- □ 

By lemma 3.1, A and Ai are compatible if and only if {ai o {J + tI)~^) A ... A 
{aro{J+tI)~^)Ad{ujo{J+tI)~^) = for some t ^ {— ai, —an-r, —a}, that is 
to say when aiA...AaT.A((i(a;o(J+t7)~^)o(J+t7)) =0. Lemma 3.2 applied to 
wo(J+t/)-i and J+t7 yields d{iuo{J+tI)-'^)o{J+tI) = -d(w(j+t7)) = -duj. 
Therefore A, Ai are compatible if and only if ai A ... Aa^ Acfcjj = 0, which proves 
proposition 3.1. 

Consider a foliation J- of codimcnsion s defined on a fc-manifold P. Let 
J-' be the foliation, on the cotangent bundle T*J- of the first foliation, pull- 
back of F by the canonical projection tt : T*F P: that is to say J-'{l3) = 
(7r*(/3)^"'^)(J-'(7r(/3))) (until the end of this section one will write T*F instead of 
J-"* for pointing out that T*T is regarded as a manifold itself). On the leaves 
of F' one defines the Liouville 1-form p by setting p{P){X) — /3(7r*(X)) for any 
X e P{P) c Tp{T*F) and any /3 e T*F, and the Liouville 2-form Cj = -dp; 
then oj is symplectic on the leaves of T' and, by duality, gives rise to a Poisson 
structure h.L such that Imh.L = which will be named the Liouville-Poisson 
structure ofT*T. In coordinates {x,y) = {xi, ...,Xk,yi, ■.■,yk-s), associated to 
coordinates x = (ii, ...,ifc) on P such that were defined by dxk-s+i = ••• = 
dxk = 0, Kl is given by dxk-s+i-, dxk, Y,]Zi dxj A dyf, so 

A -V — A — 
^ ^ dxj dyj ■ 

Proposition 3.2. Consider on a n-manifold N a Veronese web w of codi- 
mension r. Let A and A' he the Liouville-Poisson structures of T*w[0) and 
T*w{oo) respectively, and let ipt, : T*w{0) — > T*w{oo) be the vector bundle iso- 
morphism defined by ipi{P) ~ P oi where £ : w{oo) — !> w;(0) is the canonical 
isomorphism attached to w. Note Ai the pull-back of A' by (pe, (regarded as a 
diffeom,orphism) . 

Then (A, Ai) is a Kronecker bihamiltonian structure on T*w{0) with r fac- 
tors, whose soul V is given by the fibres of the canonical fibration T*w{0) — ?• A^; 
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therefore the quotient manifold ^ = N. Moreover w is the Veronese web in- 
duced by (A, Ai) on N. 

Proof. Let tt : T*w(0) — > N and tt' : T*w{oo) N he the canonical 
projections. Choose non-equal and non-vanishing scalars {ai, a„_r, «}• On 
an open neighbourhood A of a generic point consider a (1,1) tensor field J like 
in part (1) of theorem 2.1, coordinates {x,y) = .x„_r, J/i, 2/r) such that 

dxj o J = ajdxj, j = 1, — r, and Ker{d,yi A ... A dyr) = w(0), and closed 
1-forms ai, ...,q:,. such that Ker{ai A ... A a^) = w{oo). 

The restriction to w(0) of dxi, ...,dxn-r is a basis on A of T*w(0); so on 
7r^^(A) = A Y. K""'' one has coordinates {x,y,u), u = {ui, ...,Un-r), where 
{x,y){/3) are the coordinates of 7r(/3) and (3 = '^^Ii Uj{l3)dxj for each /? G 
7r~"'^(^). In the same way one constructs coordinates {x, y, u'), u' = {u'l, u'^_^), 
on {TT'y^A). 

In this kind of coordinates, A is given by dyi, dy,., X]J=i "^^j ^ '^'"j while 
ai, a^) X)j=i '^sjj A dw^- define A'. On the other hand 

ipi{x,y,u) = ix,y,aiui, a„„rW„-r) 
since J is an extension of £ and each dxj o J = ajdxj. Therefore ai,...,ar, 
'l2'j=i o,jdxjAduj define Ai. By lemma 3.1 (here uj = 0) A+fAi, t ^ {— ai, — 
is given by ai o (J + tl)~^ , a,, o {J + tl)^^ and the closed 2- form (ij{t + 

aj)^^dxj A (iiij, which shows the compatibility of A and Ai. 

The remainder statements are obvious. □ 

4. The equation d{df o J) = to modulo I{E) 

By technical reasons for studying the equation above we shall need param- 
eters that will be regarded as transverse variables to a n-foliation defined on 
a m-dimensional manifold M. Let E be an involutive vector subbundle of of 
dimension n — r where r > 1. Consider along a diagonalizable (1,1) tensor 
field J with characteristic polynomial {t — aY 11^=1^ ~ ^j) where ai, a„_r, a 
are non-equal scalars. Suppose that its Nijenhuis torsion Nj vanishes. 

Let E'^ and I{E) be the annihilator of E on J^* and the difiierential ideal 
spanned by the sections of E" respectively. Assume that {E", J*) spans J^* and 
that for all closed 1-form a belonging to I{E) the 2-form d{a o J) belongs to 
I{E) as well, where d is the exterior derivative along J". 
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As Nj = 0, distributions Im{J — ajl), j = l,...,n — r, and Im{J — al) 
are involutive. Therefore around every point p & M there exist functions 
xi, ...,Xn-r,yi, ■■■,yr such that dxi A ... A dxn-r A dyi A ... A dyr is a volume 
form on dxj o J = ajdxj, j = 1, n — r, and dyi = ... = dyr = defines 
E. Indeed, since {E", J*) spans J^* one has E D Ker{J — al) = {0}, so is a 
direct factor of Ker{J — al) in J^*. 

On the other hand dyk o J = adyk + X^"=i fkjdxj, k = 1, r. As {E", J*) 
spans J^*, by Unearly recombining functions yi,...,yr and considering bjXj in- 
stead Xj for a suitable bj G K — {0}, from now on we may assume that every 
fij{p), j = l,...,n — r, is a positive real number. 

Set Oik = J^jZi fkjdxj, k = l,...,r. Since d{dyk o J) belongs to I{E) one 
has dyi A ... A dyr A d&k = 0. On the other hand vector fields 

d/dxi,..., d/dxn-r, 9/ dyi, 8/ dyr 
are defined as the dual basis of dxi,..., dXn-r, dyi,..., dyr. 

In the domain of functions Xi,..., Xn-r, Z/n we consider the submanifold 

S defined by Xj — Xn-r = Xj{p) — Xn-r{p), j = 1, ...,n — r — 1 (5 = M if 
n = r,r + 1). Denote hy Tf\S the (r + l)-foliation induced by T on S. 

Given a 1-form /3 along T defined on a open set M' c M, we denote by /3' 
its restriction to 5 fl M' as a section of T* . That is to say /3' is a section of 
T* over S fl M' and /3 — >■ ^' is a linear map. Recall that if /i is a section of 
i^T* on 5 n M' , its restriction /U|^n(snM') can be considered as a fc-form on 
^ n (5 n M'). In our particular case when fi is closed, /5|^n(snM') closed as 
well. 

Hereafter the standard case will mean that the structures considered are 
complex, real analytic, or C°° with r = 1 in this last case. 
Let ao be a 1-form on 

Theorem 4.1. Suppose that each fij{p), j = — r, is a positive real 

number. Then in the standard case the linear map /3 — > /3' defines an injective 
correspondence between germs, at p, of closed 1-forms 13 on J- such that 

{d{/3 oJ)+ 13 Aao) A dyi A ... A dyr = 
and germs, atp on S, of sections (3' of J-* whose restriction to J^CiS are closed. 

When ao = this correspondence becomes bijective. 
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We shall prove this theorem by induction on n. For n = r,r + 1 the result 
is obvious since S = M. Now assume that the theorem holds up to n — 1 
(whichever m and ai, Un-r, a are). 

By sake of convenience we will suppose oi = by replacing J by J — ail 
(the equation of theorem 1 does not change because rf(/3 o /) = = 0). Set 
"0 = hjdxj + Y,k=i hn+k-rdyk and /3 = YTjZl (f>jdxj + Y,k=i 4>n+k-rdyk- 

Since d/3 = and dy\ A ... A dyr A d&k = we have: 

{d{P o J) + /3 A ao) A dyi A ... A dyr = 

dxiA^ ttj + ^{fkj - fki TT^) + hjcpi - hicpj \ dxj AdyiA...A dyr 

j=2 V fe=i -'^ J 

+ ^ hijdxi Adxj Adyi A ... Adyr- 

2<i<j<n—r 

Therefore the part of d(P o J) + /3 A ao which is divisible by dxi modulo 
dyi, ...,dyr vanishes if and only if the following system holds: 

Let S' be the submanifold defined by Xj — Xn-r = ^'j{p) ^ Xn-rip), j = 
2, .... 77 — r — 1 (5" = M if n = r + 2). By construction S is a 1-codimension 
submanifold of S" and the induced foliation J- C] S' has dimension r + 2. 

Set Zi = Xi, Z2 = Xn-r, ^3 = J/l,.--, •Zr+2 = Vr- Let d / dzi, d / 8 Zr+2 

be the dual basis of the restriction of (izi, (izr+2 to J-" H 5'. Vector fields 
d/dxi. d/dx2 + ... + d/dxji-r, d/dyt, fc = 1, r, are tangent to J" fl S'; even 
more d/dzi = d/dxi, d/dz2 = d/dx2 + ... + d/dxn-r and d/dzk+2 = d/dyu, 
k — l,...,r, on S' . Besides dxi = dzi, dyk = dzk+2, k = l,...,r, and the 
restriction to n S" of each dxj , j = 2, ...,n — r, equals that of dz2. 
On S' system (1) becomes: 

The restriction of /3 to J^H S", whose expression is 

n—r r 

+ C^(l>j)dz2\j^nS' +^(l>n+k-rdzk+2\jrnS' 

3=2 fe=l 

is a closed 1-form. Hence 
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Now on S' we can consider the system: 



dz2 ^ 92:1 

(3) I 

^^""^^^ ^ ^^'^^ ~ ^^"^^ ;j = 2,...,n 

Lemma 4.1. In the standard case, given a germ at p on S of functions 
...,(j)n-r) there exists one and only one germ, at p on S' , of functions 
{(f)!, ^n-r) which IS a solution to (3) and such that (jjj.g = (f)j, j = 1, ...,n — r. 



Proof. Consider functions Ui, ...,Um-n, on a neighbourhood of p on S', 
which are basic for J^CiS' and such that {zi, Zr+2, wi, Um-n) is a system of 
coordinates. Since ui, Um-n are basic for ^n5' vector fields d/dzi, d/dzr+2 
defined above equal to partial derivative vector fields, with the same name, which 
are associated to coordinates {zi, Zr+2, wi, Um-n)- 

Therefore (3) can be regarded like a system on an open set of 
with coordinates {zi, Zr+2, ui, Um^n), while S is identify to the hypersur- 
face defined by Zi — Z2 = z\{p) — Z2{p)- In particular d/dzi — d/dz2 is normal 
to S. 

In this system d/dz\—d/ dz2 is represented by an invertible triangular matrix 
with entries on the diagonal — 1, 02, a„-r- Therefore in the complex case or in 
the real analytic one, lemma 4.1 follows from the Cauchy-Kowalewsky theorem. 

Now one will proves the result in the C°° case when r = 1. 

Set fj = fij. By adding up to the first equation the second one multiplied 
by a2^, the third one multiplied by a^^, etc., we obtain the system: 

{a/ n — 1 „ , n — 1 n— 1 

In this system d/dzi and d/dz2 are represented by diagonal matrices with 
entries on the diagonal 0, 02, fln-i and 1, 0, respectively. 
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On the other hand d/dz^ is represented by the matrix: 



ji-i 



02 /l 




—a. 




h 



fi 



h 



h 



h J 



Obviously each d/dui is represented by the zero matrix. 

If one multiphes the jth equation, j = 2, n — 1, by — aj^/i/j"^, we obtain a 



hnear symmetric system. In this new system d j dz\ — d jdzi is represented by a 
diagonal matrix with entries on the diagonal —1,-/1/2"^...., —fifn\- This ma- 
trix is negative definite around p, then the new system is symmetric hyperbolic 
and S is space-like. 

Therefore this case of lemma 4.1 follows from the classical results on the 
Cauchy problem [2], [H. □ 

Let us come back to the proof of theorem 4.1. 

Uniqueness. Let /3 = 't'jd-Xj+Yll^i (j^n+k-rdyk and 7 = ^jdxj + 

fn+k-r-dyk be two solutions to the equation of theorem 4.1, such that 
j3' = 7'. On S' functions ^i, 0„_r and (^i, 95„_r are solutions to (3), 
which agree on S*, then by lemma 4.1 we have ipj — ipj^j — l,...,n~r,SLa germs 
at p on S' . 

The restriction of /3-7 to S", which equals J2k=ii't'n+k-r -Vn+k-r)dyk\j^nS' , 
is closed. Therefore each (pn+k-r — 'fn+k-n k ~ l,...,r, is constant on the 
leaves of the foliation defined by Ker{dyi A ... A dyr)|jrns' = E Ci S' . But S is 
transverse to this foliation and {(l)n+k-r—^n+k-r)\s = then (j)n+k-r — y^n+k-r, 
k — 1, ...,r, on S' . In other words (3 and 7 agree on S' as sections of J-*. 

The next step will be to regard xi like a new parameter. By shrinking M 
we may suppose that function a;i is defined on the whole M . 

Set — Kerdxi C which is a (n — l)-foliation, and let d! be the the 
exterior derivative along it. Denote by J' and a'^ the restriction to J-' of J and 
ao respectively (recall that dxioj = 0). Set E' ^ Er\T'. Let E'" and /(£") be 
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the annihilator of E' on {T')* and the differential ideal spanned by the sections 
of E"^ respectively. Then {E'", J'*) spans {F')* and, for any closed 1-form r 
belonging to I{E'), the 2-form d'(r o J') belongs to I{E') as well. On the other 
hand d'xj o J' = ajd'xj, j = 2,...,n — r, d'yk o J' = Y^^Z2 fkjd'xj + ad'yk, 
k = 1, r, and d'yi = ... = d'yr = defines E'. 

Since S' plays the same role with respect to {x2, Xn-r, Vi,---, Ur) as S does 
with respect to {xi, ...,Xn-r,yi, ■■■^Vr), and 7|^' satisfy to the equation of 
theorem 4.1 for J^', J', E' and a^, and ^|^/ = 7|^/ on S', from the induction 
hypothesis follows that (3\j7i = 7|^/ like germs at p on M, i.e. <pj = ipj, j = 
2,...,n. 

Finally, as /3 — 7 = (^i — (pi)dxi is closed, function (/>i — (pi is constant along 
the leaves of J^'. But S is transverse to and {(f)i — ipi)\s = then 0i = ipi 
and /3 = 7 as germs at p on M. 

Existence. Now ao = 0, i.e. hi = ... = /i„ = 0. Given functions cf)!, 
on S such that the restriction of /3' = Yl^Zl (t>jdxj + Yl^^i (pn+k-rdyk to J^dS 
is closed, by means of system (3) we extend functions (pi,..., (pn-r to S' (around 
P)- 

Since (j)idzi\jrf^s' + (S"=2 9^j)<^'22|:FnS' is closed modulo dzk+2\j^ns'^ ^ = 
1, r, (first equation of (3)), there exist functions (pn+i-r, 4'n on S' such that 
the restriction to TdS' of <pidzi + {Y^^~2 <Pj)dz2 + YTk=i ^n+k-rdzk+2 is closed. 
Consequently its restriction to fl 5 is closed as well. On the other hand, by 
hypothesis, the restriction to Tf\S of (l)\dz\+(^^~2 (pj)dz2+Yl\=i 4>n+k-rdzk+2 
is closed. Therefore Z^^=i(<^n+fc-r - (l>n+k-r)dzk+2^j,f^s ^ closed. 

In coordinates {z\, Zr+2,ui, ...,Um-n) like in the proof of lemma 4.1, 
this implies the existence, on S' , of a function h{zi, 2:^+2, wi, ...,^^-71) such 
that dh\j7f^s = Y.\=i{^n+k-r - <Pn+k-r)dzk+2\jrr,s Obviously functions 

(f)n+k-r — dh/dzk+2, k = l,...,r, have the same property as functions (pn+k-r, 
k = l,...,r. Then by replacing each (pn+k-r by (pn+k-r — dh/dzk+2, we can 
suppose that ^n+k-r is an extension of (pn+k-r and call it (pn+k-r from now on. 

If we consider T' , J' , E' and the section of {T')* over S': 
Tl!jZ2 ^jd'xj + '}^k=i (pn+k-rd'yk, whosc restriction to T' fl S' is closed, the 
induction hypothesis allows us to extend functions (p2,---,4'n to an open set of 
M containing p, in such a way that P = Y^^=2 ^^j'^'xj + X^fe=i <Pn+k-rd'yk is a 
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closed 1-form along T' and o J') A rf'yi A ... A rf'j/r = 0. 

Since d!^ = there exists a function (p such that 
p = ifdxi + X^"=2 (t^2dxj + (jjn+k-rdyk is a closed form along T. On the 

other hand 

P\TnS' - {<l>idzi + (Ej=2^ <Pj)dz2 + Efc=i 'Pn+k-rdzk+2)^-p^g, = - 0i)rf^;i|jFnS' 
is closed; i.e. (p — (f)! is constant on the leaves of the foliation associated to 

Kerdziij^ns'- 

Around }j on M consider coordinates {xi, Xn-r, Vi, ■■■^Ur, t^i, Vm-n) where 
vi, ...,Vm-n are basic functions for Then as xi = z\ there exists a function 
h{x\,vi, Vm-n)i around p on M, such that (p — (f)i = honS' and, by replacing 
if hy (f — h, we may suppose that if extends (f)i and call this extension too. 

In short we have constructed a closed 1-form, along J", 
/3 = J^jZi <Pjdxj + J2k=i (t'n+k-rdyk which extends /?' and such that o J) A 
dxiAdyiA...Adyr = (this is another way for writing d'{$oJ')Ad'yiA...Ad'yr = 
0). Therefore there exist closed 1-forms 70, ...,7r along T such that 

o J) = dxi A 70 + X^Li ^fe A dyfe. 

Set 70 = YTjZl9jdxj + YJk=i 9n+k-rdyk- Then 

(recall the construction of system (1)). Therefore each gj, j = 2, ...,n — r, 
vanishes on S' because ^1, (/>„_r satisfy to system (3). 

On the other hand {d{l3 o J))j is closed (apply lemma 2.1 along the leaves 
of 7"). Then 

-dxi A d(7o o J) + Y^k=i i^ilk oj) A dyk - 7fc A d{ak + adyk)) = , 
whence dxi A ^(70 o J) A dyi A ... A dyr = 0. That is to say d'{'yo o J') A d'yi A 
... A d'yr = where 70 = Ej=2^ djd'xj + Efe=i 9n+k-rd'yk- 

On S', 7o is a combination of d'yi, ...,d'yr. Since the restriction of 70 to 
T'CiS' is closed there exists a function £{xi, yi, ...,yr,vi, Vm-n), defined near 
p on M, such that 70 = d'£ on S'. 

But d'£ is a closed 1-form along J^' defined on an open set of M and 
d'{d'i o J') A d'yi A ... A d'yr = 0. Therefore the uniqueness in dimension n — 1 
implies that 70 = d'i. In other words 70 is a combination of dxi,dyi, ...,dyr. 
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Then o J) A dyi A ... A dyr = and the proof of theorem 4-1 is finished. 
The following result will be needed in the next section. 

Lemma 4.2. Suppose that each fij{p), j = l,...,n — r, is a positive real 
number. Consider 1- forms peg, i,q = l,...,s. In the standard case, given two 
families of s closed 1-forms, which are solution to the system 

{d{Pg o J) + Y,Ui Pi A Peg) A dyi A ... Adyr = 0, q= 1, s, 
if they agree around p on S then they agree around p on M. 

Proof. Just adapt the proof of the uniqueness of theorem 4.1 (in fact the 
case s = 1 is the first assertion of this theorem). Now system (3) is replaced by a 
system S{l3i, /3s) with s boxes corresponding each of them to a l3q. Note that 
the symbol of every box, which only depends on is similar to the symbol 
of system (3). Therefore lemma 4.f extends to S{f3i, f3s)- Finally if /3q = 

SjJl" (pqjdXj + J2k=l 4>qn+k-rdyk aud 7, = YTj=l ffiqjdXj + J2k=l "^qn+k-rdyk, 

q = l,...,s, are two solutions to the system of lemma 4.2 such that = 7^, 
q =^ l,...,s, reasoning as in the proof of the uniqueness of theorem 4.1 shows 
that Pq =^q, q = 1, s. □ 

Theorem 4.2. Suppose that every fij{p), j = 1, — r, is a positive real 
number. In the standard case given, on an open neighbourhood of p on M, a 
closed 1-form 7 along T such that d{'yoJ)Adxi Ady\A...Adyr = 0, then around 
p there exists a closed 1-form /3 along T such that d{fi o J) A dy\ A ... A dyr = 
dxi A 7 A dyi A ... A dyr- 

Proof. As above we shall suppose that ai = by replacing, if necessary, J 
by J - ail. Set 7 = X^"r[ (fjdxj + Y^l^-^ tpn+k-rdyk- 
On S' we consider the following system: 

(3') { '=\ 

+ 2Jf^^d^, - ^-a^) = ;^ = 2, - 

V fc=l 

This system has some solution around p because its symbol is the same as 
that of system (3). Let (pn-r be a solution to (3'). The first equation of 
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(3') allows us to find functions (f)n+i-r, ■■■,^n, on a neighbourhood of p on S', 
such that (j)idzi + {Y,'jZ2 ^j)dz2 + Y,k=i (t>n+k-rdzk+2^ ^^^^^ is closed. Obvi- 
ously the restriction of this form to J^' fl S' is closed too. 

Now we apply theorem 1 to J' and E' for extending functions 02, <^n 
to an open set of M containing p, in such a way that d'^ = and d'{$ o J') A 
d'yi A ... A d'yr = where p = Yl]=2 (t>jd'xj + Ylk=i (t>n+k-rd'yk- 

The rest of the proof is very similar to that of the existence in theorem 1. 
First we extend function to a neighbourhood of p on M in such a way that (3 = 
'^^Zi 4'j'ixj+Y^^k=i 4'n+k-rdyk is closed. Since d'{PoJ')Ad'yiA...Ad'yr = we 
get d{poJ)AdxiAdyiA...Adyr = 0. Therefore d{(3oJ) = dx\A^Q+^^f.^-^ Ik^dyk 
where 70, ...,7r are closed 1-forms along T. 

Set 70 = YTjZl gjdxj+Y^l^i Qn+k-rdyk and 70 = YTjZl 9jd'xj+J2l^i gn+k-rd' 
Then 

Besides ^'(70 o J') A d'y\ A ... A d'yr = because {d{j3 o J))j is closed (lemma 
2.1). 

By hypothesis ^'(7 o J') A d'yi A ... A d'yr = where 
7 = YI^Zt. fjd'xj + X^^^i ipn+k-rd'yk- On the other hand 7 — 70 is a closed 
1-form along T' which is a combination of d'yi,..., d'yr on S' since 4>n-r) 
is a solution to (3'). This fact implies the existence, on an open neighbourhood 
of p on M , of a function t(x\, yi, ...,yr,vi, Vm—n 

) such that 7 — 7o = d'£ on 

S'. 

Obviously d'{d'i o J') A d'yi A ... A d'yr = 0. Now from theorem 4.1 applied 
to J^', J' and E' follows that 7 — 70 = d'i around p on M. Hence (7 — 70) A 
dxi A dyi A ... A dyr = and o J) A dyi A ... A dyr = dxi A 70 A dy\ A ... A dyr = 
dxi A 7 A dyi A ... A dyr. □ 

Theorem 4.3. Let J- be a n-foliation defined on a m-manifold M and 
let E a T be a second foliation of dimension n ■— r where r > 1. On T we 
consider a diagonalizable (1, 1) tensor field J with characteristic polynomial 
(t-^aY Y\!j=i{^^^^j) where ai, On-r, o, are non-equal scalars. Suppose Nj — 0. 

Let E'^ and L{E) be the annihilator of E on T* and the differential ideal 
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spanned by the sections of E'^ respectively. Assume that {E'^,J*) spans T* and 
that for all closed 1-form a belonging to I{E) the 2-form d{a o J) belongs to 
I{E) as well, where d is the exterior derivative along T . 

In the standard case, given a closed 2-form to on T , the following statements 
are equivalents: 

(a) Around each point p G M there exists a function f such that d{df o J) = to 
modulo I{E). 

(b) duj belongs to I{E). 

Proof, (a) => (6) In this case locally lo ~ d{df o J) + X]fe=i ^ '^k where 
Hi, lir,C(iT ■■■TCKr arc closed l-forms and ai, belong to I{E). Since (d{dfo 
J)) J is closed (lemma 2.1) and each 2-form d{ak o J) belongs to I{E), it follows 
that dojj belongs to I{E). 

(b) => (a) As the problem is local we will use the concepts and notations of 
the proofs of theorems 4.1 and 4.2. The implication will be proved by induction 
on n. For n = r,r + 1 the results is obvious. Now, assume that it holds up to 
n — 1 (whichever m is) . 

Let U) be the restriction of uj to . Then d'{Cjji) A d'yi A ... A d'yr = 0. By 
the induction hypothesis there exists a function / around p such that d'{d' f o 
J')Ad'yiA...Ad'yr — CdAd'yiA.-.Ad'yr. Hence d{df o J) Adxi Adyi A ... Adyr = 
UJ A dxi A dyi A ... A dy^. 

Therefore uj — d{df o J) = dxi A 70 + X]fc=i 7fe ^ '^Vk where 70, ...,7r are 
1-closcd forms along F. As {dujj) A dyi A ... A dy^ = and {d{df o J))j is closed 
(lemma 2.1) we obtain (i(7o o J) A dxi A dyi A ... A dyr = 0. 

By theorem 4.2, around p there exists a closed 1-form /3, along such that 
d(/3 o J) A dyi A ... A dyr = dxi A 70 A dyi A ... A dyr. Now it is enough to set 
f = h + f where /i is a primitive of /3. □ 

Finally remark that theorem 3.1 is just the implication (6) (a) of the 
foregoing theorem when n = m and E = Ker{ai A ... A ar). 

5. Another equation. 

The aim of this paragraph is to establish another theorem on some system 
defined by differential forms, which be needed later on in the construction of 
versal models of Veronese webs. The objects M, etc... are as in the foregoing 
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section unless another thing is stated. Set Jo = X^"=i o>j-£^'^dxj+Y^^^j^ ^af^ ® 
dyk- 

Theorem 5.1. In the standard case, given a germ atp of maps Lpkj : 5* — > K, 
k ~ 1, r, j = 1, n — r, such that every ipij(p), j — 1, n — r, is a positive 
real number, then there exists one and only one germ at p on M of 1-forms 
cci = fijdxj,..., ccr = Y^^=i frjd-Xj such that 

' d&k A dyi A ... A dyr = 0, A; = 1, r 



U) 



d{ak o Jo) - ^ A j A dt/i A ... Adyr =0, k = 1, r 



dy. ^ 

and that fkj^g = fkj, k = l,...,r, j = 1, ...,n-r. 

Wc shall prove this theorem by induction on n. For n = r, r + 1 the result 
is obvious since S = M . Now assume that the theorem holds up to n — 1 
(whichever m and fli, a„_,., a are). 

Consider 1-forms dck = fkjdxj, k = 1, ...,r, such that dak A dyi A ... A 

dyr = 0. 

By sake of convenience we will suppose oi = by replacing Jq by Jq — ail 
(the main equation of theorem 1 does not change). Then: 

^{ak o Jo) - ^ A ^ dyi A ... A dyr 

= dxi A V ( a,|^ + y^ihj^ - /«ir^) I dxj A dyi A ... A rfy, + 
j-'^y 9x1 ^ i9y£ J 

hijdxi A (ia;j A dj/i A ... A dj/r. 

2<l<j<n-r 

Therefore the part of each d{ak ° Jo) ~ X^fci '^^ that is divisible by 

dxi modulo dyi, dyr vanishes if and only if the following system holds: 

(5) + Dfc^ - /<.^) = 0. i - V..,n - * ^ 1. ..... 

On S' endowed with coordinates {zi, ...,Zr+2) system (5) becomes: 
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(6) 



The restriction of each ckk A dy\ A ... A dy^ to J" fl S" whose expression is 

A dz'i A ... A dZr+2 



fkidzi + fkj)dz2 

3=2 



\j^ns' 



is a closed 2-form. Hence 

dfk 



dfkj 



dz2 ^ dzi 



0,k = l,...,r. 



Now on S' we can consider the system: 



(7) 



dfki _ 'sr^ dfkj _ Q 
dz2 ^ dzi 



dzi 



k = l, ...,r. 



fn4^)^0, j = 2,...,n-r, 



Lemma 5.1. /n the standard case, given a germ at p on S of functions 
Vkj, k = l,...,r, j = 1, ...,n — r, such that every ipij{p), j = 1, ...,n — r, is a 
positive real number, then there exists one and only one germ, at p on S', of 
functions fkj, k = l,...,r, j = 1, ...,n — r, which is a solution to (7) and such 
that fkj^s = Vkj, k = l,...,r, j = l,...,n-r. 

Proof. On a neighbourhood of p on S' consider functions Ui, u„,-n basic 
for n S' and such that {zi, Zr+2,ui, ...,Um-n) is a system of coordinates. 
Since ui, ...,Um-n are basic for n S' vector fields d/dz\,...,d/dzr+2 defined 
above equal to partial derivative vector fields, with the same name, which are 
associated to coordinates {z\, ...,Zr+2,ui, ...,«„_„). 

Therefore (7) can be regarded like a system on an open set of K"'+''^"+^ with 
coordinates (zi, .... Zj.+2, wi, while S is identify to the hypcrsurfacc 
defined by zi — Z2 = zi{p) — Z2{p). In particular d/dzi — d/dz2 is normal to S. 

In this system the matrix associated to d/dzi — d/dz2 is invertible. Indeed, 
it consists of r blocks (n — r) x (n — r) along the diagonal corresponding to the 
different values of k and zero outside of them, and every block is triangular with 
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entries — 1, 02, (Xn-r on the diagonal. So in the complex case and in the real 
analytic one it suffices to apply the Cauchy-Kowalewsky theorem. 

On the other hand if r = 1, systems (3) and (7) have very similar symbols 
and, for the C°° case, it is enough to reason as in the proof of lemma 4.1. □ 

Let us come back to the proof of the theorem 5.1. 

Uniqueness. Let ock = hjdxj and 7fe = YTj=i 9kjdxj, k = l,...,r, 

be two solutions to (4) such that fkj^s ~ 9kj\s ~ 'f^j , k = l,...,r,j = 1, n— r. 
On S' functions fkj and gkj are solutions to (7) which agree on S, so by lemma 
5.1 we have fkj = gkj, k = 1, r, j = 1, n — r, as germs at p on S'. 

Now, like in the proof of theorem 4.1, we consider xi as a new parameter. Let 
Jg be the restriction of Jq to J^' (recall that dxioJo = 0); then d'xjoj^ = ajd'xj, 
j = 2, n-r, d'yk o Jq = ad'yk, k = l, r. 

Since S' plays the same role with respect to {x2, ■■■,Xn-r,yi, ■■■,yr) as S 
does with respect to {xi, ...,Xn-r,yi, ■■■lyr), Sfe = ^2^=2 fkjd'xj and 7^. = 
J2^Z2 dkjd'xj satisfy to system (4) of theorem 5.1 for J^' and Jq, and a' = 7' 
on S', from the induction hypothesis follows that fkj = Qkj, k = l,...,r, 
j = 2, n — r, like germs at p on M. 

Finally, as each (afe - 7^) A dyi A ... A dpr = {fki - gk\)dxi A dy\ A ... A dyr is 
closed, function fki — gki is constant along the leaves of the foliation Ker{d'yi A 
... A d'tjr) C J^'. But S is transverse to this foliation and {fki — gki)\s = then 
fki = 9ki and Uk = 7k, k = 1, r, as germs at p on M. 

For the existence we will need the following result. 

Lemma 5.2. Consider 1- forms j3i,...,Pr functional combination ofdxi,...,dx. 
Let G he the (1, 1) tensor field along T defined by dxjoG = ajdxj, j = 1, n—r, 
dykoG = Pk+cbdyk, k = 1, r. Assume that dpk^dyiA...Adyr = 0, k = 1, r. 
Then Nq = if and only if 

{d{pk o Jo) - ELi Hz) ^ dyi A ... Adyr = Q,k = 1, r. 

Proof. By lemma 2.1 one has dxj o Nq =- and 

dyk oNg = id/3k)G - dih o Jo + apk) = (ELi ^Vi A ||^)^ - d^{Pk o Jo) - 
ELi dyi A (ff o Jo) - ELi ^dyi A II = ELi A A " d^{Pk o Jo) 
where d^ denotes the exterior derivative in variables {xi, ...,Xn-r) only. □ 
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Existence. Given functions Lpkj, k = 1, r, j = 1, n — r, on S such that 
every ipij (p) is a positive real number, by means of system (7) we extend them 
to S', around p, with the same name. 

If we consider J^' and Jg, the induction hypothesis allows us to find functions 
fkj, k = 1, ...,r, j = 2, ...,n — r, defined on an open neighbourhood of p on M, 
in such a way that d'a'). A d'yi A ... A d'tjr = 0, k = 1, r, 

^d'ia'k o ^o) - ^ A ^ j A d'yi A ... A d'vr = 0, k = 1, r, 

and fkj = (fkj on S", fc = 1, r, j = 2, n-r, where a'j. = J2]=2 fkjd'xj (note 
that d/dx2, ■■■,d/dxn-r,d/dyi, ...,d/dyr is the dual basis of d'x2, ■■■,d'xn-r, 
d'yi, d'yr as well). 

Since each d'a'f. A d'yi A ... A = there exist functions fk such that pk A 
dyiA...Adyr is closed where = fkdxi+ fk2dx2 + ■■■+ fkn-rdxn-r- On the other 
hand the first equations of (7) means that every {{ifk\dx\ + ... + (pkn-rdxn-r) A 
dyi A ... A dyr)\j^ns' is closed. Therefore {pk A dyi A ... A rfyr)|.FnS' - {{Vkidxi + 
... + ipkn-rdXn-r)^dyiA...Adyr)\jrnS' = {{fk-^ki)dxi A dyi A ... A dyr)\j^nS' 
has to be closed. 

Consider coordinates {xi, ...,Xn-r,yi, ■.■,yr,'Vi, ...,Vm-n), around p on M, 
where vi, Vm-n are basic functions for Then, always aroundp on M, there 
exist functions hk{xi,yi, ...,yr,vi, Vm-n) such that fk — ^ki = hk on S'. Now 
by setting fki = fk - hk, we construct 1-form ak = fkjdxj, k = 1, r, 

along such that fkj\s' ~ ^kj, j = 1) n — r, d&k A dyi A ... A dyr = and 

^{ak o Jo) - ^ CK^ A A dxi A dyi A ... A dyr = 0. 

Therefore we can find 1-forms 7fe, 7^1, ...jkr, k = 1, ...,r, along J^, where each 
7fc is closed because (^d{ak o Jq) — Yl^^=i A AdyiA...Adyr is closed since 
d&k A dyi A ... A dyr = 0, such that 

^{dek o Jo) - ^ a£ A = dxi A 7fe + 7^1 A dyi + ... + ^kr A dyr. 

Hence 
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(8) { ^^^'^ ° "^"^ ^ A 7fe + 7fei A dyi + ... + jkr Adyr + ^ai A 
k = l,...,r 

Set 7fe = Yl'jZi 9kjdxj + X^^^i Qkn-r+idyi. Then 

^ fkj \ — ^/ ^fkl ^fki\ 

9kj = djir^ + Z^ihj^ fn^-^) =0, j = 2,...,n-r, k = l,...,r. 

(recall the construction of system (5)). So each g^j, k = 1, r, j = 2, n — r, 
vanishes on 5' because functions fkj\s' ~ ^kj satisfy to system (7). 
Deriving (8) with respect to ys yields 

(9) d — o Jo = rfa;iA-^ + > ij— Arfj/£+> 7^ A -— + ae, A 

\ oys J oys fr[ oys V 'JVs dye oysdye 

On the other hand 



(10) {d{ak o Jo)) Jo = dxi A {jk ° Jo) + "^{ike oJq + ajke) A dye 

,g(,a,o.„).|i+.,A(|io.,)) 

By lemma 2.1 applied along the leaves of we have d{{d{ak ° Jo))ja)Adyi A 
... A dyr = 0, whence by calculating d{{d{ak o Jo)) Jo) from (10) and taking into 
account (8) and (9) follows 

(11) ^ yd{"fkoJo) + Y^^^Aae-Y^^'yeA^^'^AdxiAdyiA...Adyr = 
k = l,...,r. 

Set = J2"Z2 dkjd'xj + YJe=i9kn-r+td'ye. Obviously d'7^ = because 
d-)k = 0. Consider the (1, 1) tensor field J' on J^' defined by d'xj o J' = ajd'xj, 
j = 2,...,n — r, and d'ye o J' = a'^ + ad'ye, i = l,...,r (recall that a'^ = 

Since 

\d'{a'ko4)-^a'eA^\ A d'yi A ... Ad'yr = 0, k = l,...,r, 
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by lemma 5.2, applied to T' and J', the Nijenhuis torsion of J' vanishes. Set 

Pih = —^r^- Now system (11) becomes (note that d'gkn-r+t = tt-^ because 

dyi dye 
7^ is closed) 



(12) id'{j'kOj') + ^j'^Apik\Ad'yiA...Ad'yr = 0, k = l,...,r. 



On S', 7j. Adt/i A... Arfyr = as Qkj^s' = 0,k = l,...,r,j = 2,...,n — r. Since 
the restriction of 7j(. to J^' f) S' is closed, around p on M there exist functions 
(f>ke{xi,yi, ..■,yr,vi, ...,Vm-n), k,£= l,...,r, such that every 7;^ = J^^^-^^ked'ye 
on S'. 

Set Afe = (f>ked'ye- Then each Xk is a closed 1-form along defined 

on an open neighbourhood of p on M and {d'{Xk o J') + J^^^-^ Xe A pek)^d'yi A 
... A d'yr = 0, fc = 1, ...,r. Now lemma 4.2 applied to J^' and J' implies that 
7^ = Afe, A; = 1, ...,r. In other words every 7fe is a functional combination of 
dxi,dyi, ...,dyr. Therefore 



and the proof of theorem 5.1 is finished. 

6. Local classiflcation of codimension one Veronese webs. 

On a real or complex manifold N of dimension n consider a Veronese web 
w of codimension r > 1. Given non-equal scalars ai, ...,a„_r,a and any point 
p E N, let J be a (1,1) tensor field like in part (1) of theorem 2.1 and let 
(xi, Xn~r, yi, Vr) be a system of coordinates, around p, such that dxj o J = 
Gjdxj, j = 1, r, and K er{dyi A. . . Adyr) = w{oo). Then dy^oj = adyk+ak, 
k = 1, ...^r, where each (ife = fkjdxj. As (ii;(oo)', J*) spans the cotangent 

bundle around p, by linearly recombining functions yi,...,yr and considering 
hjXj instead Xj for a suitable bj G K — {0}, we assume that each fij{p), j = 
1, n — r, is a positive real number (see the beginning of section 4). 

On the other hand d{dyk o J) A dyi A ... A dyr = and Nj = 0; by lemma 
5.2 these last two conditions are equivalent to system 



r 
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dctk A dyi A ... A dyr = 0, k = 1, r 



(13) 



(■ 




d{ak o Jo) — 2, ^f- ^ ~a — 1 ^ '^yi ^ ••• ^ = Oj k = ^, r 



where Jo = E"=i' ajaf- + Y^'^^^ a-^ (g) dyt. 

Moreover 7(i) = {]X'■Zl{t+aj)){t+aY{{J+tI)-^)*{dyl^...^dyr) represents 



Therefore, in view of (3) of theorem 2.1, locaUy Veronese webs correspond 
to those solutions of system (13) such that /ii(p), /i„_j.(p) G (this last 
assumption implies that {dyi , dj/r, J*) spans the cotangent bundle near p). In 
turn, for the standard case, this kind of solutions to (13) are given by theorem 
5.1 by setting M = N and F = TN, which means that now S is the submanifold 
defined by Xj — Xn-r = Xj{p) — Xn-r{p), j = l,...,n — r — 1. 

When r > 2 the tensor field ,/ is not unique and consequently we may 
associate more than one model to a same Veronese web; thus our model of every 
Veronese web is versal. 

To remark that a classification in codimension> 2 seems rather difficult as 
the following example shows. Consider a field of 2-planes and a local basis of 
it {X,Y}. Let w{t), t e IK, be the 1-foliation defined hy X + tY . Then to 
classify the 1-dimensional (local) Veronese web w = {w(t) | t G K}, roughly 
speaking, is like locally classifying the fields of 2-planes in any dimension; but 
it is well known the difficult of this problem (first dealt with by Elie Cartan in 
"Les systemes de Pfaff a cinq variables" and later on by several authors). 

Now let us examine the remainder case. Assum,e r = 1 until the end of 
this section. Then ai, ...,a„_i,a completely determines J since Ker{J* — ajl), 
j = 1, ...,n — 1, is the annihilator of w{—aj) and Ker{J* — al) that of w(— a). 
The next step will be to construct an intrinsic surface 5*. By technical reasons 
one will suppose that oi, ...,a„_i,a are non-equal real numbers. 

The polynomial Ilfe^ifcTtj "^fe) n ^2 different roots 6i, 6„_2 

since it is the derivative of Jll—i + whose roots are — oi, — a„_i; more- 
over bi ^ —dji ^ = Ij n~2^ j ~ 1, n — 1 (warning this property is not true 
when a polynomial, even real, has some complex root, for example — 1 and 
3*2; by this reason one chooses real numbers ai, a„_i, a). 

Let R be the germ at p of the leaf of the 1-foliation w{bi) fl ... fl w{bn-2) H 



w. 
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w{oo) passing through this point, and let Sq be the germ at p of the surface 
containing R and to which the 1-foUation w{—ai) fl ... fl w(— a„_i) is tangent. 
By construction is intrinsic. 

Since R is transverse to every iu{—aj), j = l,...,n — 1, one may take co- 
ordinates {xi, ...,Xn-i,y) constructed before, with two additional properties: 
R is defined by the equations xi = ... = Xn-i,y = 0, and xi{p) = ... = 
Xn-i{p) = y{p) = 0; of course we write y and a = Yl^Zl fjdxj instead yi 
and a\ = fijdxj. In these coordinates is defined by the equations 

a;i = ... = Xn-i. Moreover 

n — 1 / n — 1 \ n — 1 

= - n (* + ^''^f^ + n (* + ^''^^y 

j=l yfe=l;fe#j / fe=l 

because a straightforward calculation shows that 

n— 1 11—1 n — 1 \ /n— 1 \ 

-Z( n {t + ak)fj)dxj + Y[{t + ak)dy\ o{J + tI)= iY[{t + ak){t + a)\dy. 

j=l fe=l;fe#j fe=l J \fe=l / 

On the other hand 'y{bi){q)({d/dxi) + ... + {d/dxn-i)) = 0, ^ = l,...,n - 
2, for every q £ R because {d/dx\) + ... + (d/dxn-i) is tangent to R and 
TgR = {w{bi) n ... n w{bn-2) n w(oo))(g). Therefore bi, ...,6„_2 are the roots 
of Y.'j=illk=i;k^j(* + ^k)fj{q) when q e R; so fi = ... = fn-i on R since 
bi, bn-2 are the roots of J2^=i YVk=i;k^ji^'^^k) too, which implies that both 
polynomials are equal up to multiplicative factor (conversely, if /i = ... = /„_i 
on R then (d/dxi) + ... + {d/dxn-i) is tangent to this curve and R is defined 
by xi = ... = Xn-i,y = 0). 

The change of coordinates between two of such system can be regarded as a 
diffeomorphism {xi, ...,Xn-i,y) G(x-i, ...,Xn-i,y). But G has to preserve R, 
So, the foliations of dimension n—1 defined by dxi,..., dxn-i and dy respectively 
(that is to say w(— oi),..., w(— a„_i) and t«(oo)), and the origin. Therefore 
G{xi, ...,Xn-i,y) = {hi{xi), ...,hi{xn-i),h2{y)) where /ii,/i2 are one variable 
functions such that /ii(0) = /i2(0) = and h[{0) ^ 0, /i^(0) ^ 0. 

Denote by J' the pull-back of J by the diffeomorphism G. Then dxj o J' = 
Ujdxj, j = 1, n—1, and dy o J' = ady + a' where 
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n-1 

a' = ^ h[{xj){h'2{y)y^fj{hi{xi), hi{xn-i), h2{y))dxj. 

Now we may take hi, /12 in such a way that 

h[{xi){h2{y))~'^ fi{h-i{xi), ...,hi{xn-i),h2{y)) = 1 
on the curves xi = ... = Xn-i, y = 0, and xi = ... = Xn-i = 0. Indeed, first 
consider the function /12 defined by (/i2(t))~^/i(0, 0, /i2(i)) = 1, /i2(0) = 0, 
and then the function hi defined by h[{t){h'2{0))~^ fi{hi{t), ...,hi{t),0) = 1, 
/ii(0) = 0; note that h[{0) = 1 since 

/^i(o)(/i'2(o))-Vi(o,...,o,o) = (/i'2(o))-Vi(o,...,o,o) = 1. 

In other words, there exist coordinates (a;i, Xn-i,y) as before with a third 
additional property: /i = ... = /„_i = 1 on the curve Xi = ... = Xn-i, y = 0, 
and /i = 1 on the curve xi = ... = Xn-i = 0. 

In turn, a change of coordinates between two system with this last property 
is given by two functions /ii,/i2 such that h[{xi){h'2{y))~^ = 1 on the curves 
xi = ... = Xn-i, y = 0, and xi = ... = Xn-i = 0. Therefore h[,h'2 are 
constant. In short, the only possible change of coordinates is a homothety by 
some b gK— {0}, and a'{xi, ...,Xn-i,y) = a{bxi, ...,bxn-i,by). 

A germ at the origin of a map ^ = ((^i, <p„_i) from to K"~^ will be 
called admissible if v'l = ••• = Vn-i = 1 on the curve xi = ... = Xn-i, y = 0, 
and = 1 on the curve xi = ... = = 0. Two admissible germs (j) and ^ 
will be named equivalent if there exists b e K — {0} such that (^{xi Xn-i, y) = 

4>{bxi,...,bxn-i,by)- 

Prom theorem 2.1, theorem 5.1 and system (13), applied to the last kind of 
coordinates system, follows (remark that in this last step the number o does 
not play any role, which is due to the fact that a Veronese web is determined 
by ■w{oo) and J|,„(oo)): 

Theorem 6.1. Consider non-equal real numbers ai, ...,an^i. One has: 
(1) Given a Veronese web of codimension 1 on a real or complex n-manifold N 
and any point G N, there exist coordinates (a;i, a;„_i, y) around p such that 
xi{p) = ... = x„-i{p) = yip) = and the Veronese web is represented by 

n — 1 / n — 1 \ n — 1 

= - ^ n + '^^j- + n + 

3 = 1 \k=l;k^3 I fe=l 
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where a = fj'^-'^j satisfies to the system 



'daAdy = 



< 




) 



(5 A — Ady = 




fi = ... = fn-i = 1 on the curve xi = ... = a;„_i, y — 0, and fi = 1 on the 
curve xi = ... = Xn^i = 0. 

(2) Let So be the surface of equation Xi — ... — a;„_i and let (j) — (ipi, ipn-i) 
be a germ at the origin of a map from Sq to K"^^. Assume 4> admissible. Then 



which satisfies to the system of part (1) and such that fj.g ~ ipj , j = 1, ...,n~l. 



defines a Veronese web of codimension 1 around the origin. 
(3) Finally given two admissible germs at the origin (j) and (j) of maps from Sq 
to K"^^, the germs of 1-codimensional Veronese webs associated to them by 
virtue of part (2) are equivalent, by diffeomorphism, if and only if (j) and (j) are 
equivalent as admissible germs. 

The local classification of Veronese webs of codimension 1 is due to Turiel 
(see [in] whose exposition is closely followed here). 
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